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Abstract 



This thesis considers one and two dimensional supersymmetric nonhnear 
sigma models. First there is a discussion of the geometries of one and two 
dimensional sigma models, with rigid supersymmetry. 

For the one-dimensional case, the supersymmetry is promoted to a lo- 
cal one and the required gauge fields are introduced. The most general 
Lagrangian, including these gauge fields, is found. The constraints of the 
system arc analysed, and its Dirac quantisation is investigated. 

In the next chapter we introduce equivariant cohomology which is used 
later in the thesis. 

Then actions are constructed for (p,0)- and (p,l)- supersymmetric, 1 < 
p < 4, two-dimensional gauge theories coupled to non-linear sigma model 
matter with a Wess-Zumino term. 

The scalar potential for a large class of these models is derived. It is then 
shown that the Euclidean actions of the (2,0) and (4,0)-supersymmetric 
models without Wcss-Zumino terms are bounded by topological charges 
which involve the equivariant extensions of the Kahler forms of the sigma 
model target spaces evaluated on the two-dimensional spacetime. 

Similar bounds for Euclidean actions of appropriate gauge theories cou- 
pled to non-linear sigma model matter in higher spacetime dimensions are 
given which now involve the equivariant extensions of the Kahler forms of 
the sigma model target spaces and the second Chern character of gauge 
fields. It is found that the BPS configurations are generalisations of abelian 
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and non-abelian vortices. 
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Chapter 1 



Introduction 



This thesis is on the theory of two dimensional sigma models. Sigma models 
have found a wide variety of applications in particle and theoretical physics. 
We shall first outline briefly the historical background and development 
of the theory, putting sigma models into their proper context and then 
motivating their study by making the reader aware of a small selection of 
their wide range of applications. We shall also outline the results of this 
thesis. 

1.1 History and Motivation 

Nonlinear sigma models have been used to describe the dynamics of rela- 
tivistic and non-relativistic particles; their original motivation was the study 
of the propagation of such particles in curved space-times. Sigma models, 
in the modern sense, were first described in [1 as a model of high energy 
hadron physics; it was postulated that the pion field depended on a scalar 
meson called a proposed in 2 . This idea was formalised in [2], where chiral 
invariant Lagrangians were also written down, 
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where are coordinates of M and are coordinates of H. The coupling g 
is a metric on the sigma model manifold /. 

Today it is understood that strong interactions and hadron physics are 
described not by nonlinear sigma models but by the Standard Model. How- 
ever, nonlinear two-dimensional (dimH = 2) sigma models have found new 
applications in string theory [IJ . The Lagrangian for this is a natural 
generalisation of with the addition of supersymmetry. 

Supersymmetry is a symmetry which rotates bosons into fermions. It 
improves the short distance behaviour of quantum theories and gives an 
elegant solution to the hierarchy problem. In string theory, the five known 
consistent string theories are supersymmetric. 

Supersymmetric sigma models have a rich geometrical structure. This 
was first observed in ||6j for four dimensional models and later developed 
by [Zj for two dimensional models. In particular it was shown that = 1 
sigma models require the target space to be a (pseudo-)Riemannian man- 
ifold, N = 2 requires the manifold to be Kahler and = 4 requires the 
manifold to be hyper-Kahler. If the manifold has torsion, the model gen- 
eralises to have chiral supersymmetry jSl El where the number of left 
handed supersymmetries differs from the number of right handed supersym- 
metries. We will review this in the next chapter. 

Massive supersymmetric sigma models were first constructed in HTI by 
the addition of potentials. The inclusion of a potential may impose addi- 
tional restrictions on the target space geometry. 

1.1.1 One-dimensional sigma models 

The simplest examples of nonlinear sigma models are those where the 
worldspace is one-dimensional. The sigma models obtained can therefore 
be thought of as particles, where the dependence on the worldsheet signi- 
fies time dependence. Such sigma models describe the dynamics of point 
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particles. 

In the past the model that was mostly investigated was a relativistic 
or non-relativistic particle propagating in a Riemannian manifold with a 
metric g. These results were extended to = 1 locally supersymmetric 
particle models in |12| I13j . Later the action of supersymmetric particles 
with extended supersymmetry was given in 14^ . 

One-dimensional sigma models have many applications. The simplest 
example is that they form the basis for supersymmetric quantum mechan- 
ics, when = 4 this can be associated jl5( I16| I17j with N = 1, d = 4 
supersymmetric field theories after an appropriate dimensional reduction. 

The conditions on the target space required by supersymmetry in d = 1 
manifolds is given by [El CHI EOl EH ESI • 

In ^H] it was found that rigid supersymmetry in one dimension allows for 
the construction of more general models than those considered in the past. 
In particular, the manifold that the particle propagates in can have torsion 
which is not a closed 3-form. Such models have been found to describe the 
effective theory of multi-black hole systems [21]. A scalar potential and a 
coupling to a magnetic field in the action of ^Hl was added to the sigma 
model formalism in 25^ , following the earlier work of [261 127j . 

More recently, interest in sigma models has arisen in the context of the 
AdS/CFT conjecture. It has been observed [SHUMHSOl that supersymmetric 
sigma models describe the dynamics of a supersymmetric particle near the 
AdS horizon of an extreme Reissner-Nordstrom black hole. 

In this case, superconformal supersymmetry is required, which imposes 
additional constraints on the target space geometry. Superconformal quan- 
tum mechanics may even provide a dual description of string theory on AdS2 
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1.1.2 Two-dimensional sigma models and Gauge theories 

Two dimensional sigma models are interesting in their own right because 
they have a rich mathematical structure. In addition to the fact that super- 
symmetry constrains the target space, they have improved UV behaviour 
and in d = 2, they have improved UV behaviour and power counting shows 
that they are renormalisable. In fact models with = 4 supersymmetry 
are finite to all orders in perturbation theory. 

In addition to string theory, two dimensional sigma models can be used to 
describe certain properties of four-dimensional gauge theories. For example, 
the magnetic monopole and dyon in the gauge theory correspond to the 
kink and Q-kink solution of sigma models. There are also applications to 
the theory of integrable systems and supersymmetric models have been used 
in the investigation of duality. 

Two-dimensional sigma models and some two-dimensional gauge theo- 
ries have been used to model the dynamics of fundamental and D-strings, 
respectively. The small fluctuations of strings which arise as intersections 
in various brane configurations are described by two-dimensional gauge the- 
ories coupled to scalars. Because of this, many of the properties and the 
various objects that arise in gauge theories coupled to scalars have a brane 
interpretation OH ESI El] • Supersymmetric gauge theories coupled to 
linear sigma models have been constructed in [HSj and they have been used 
to illuminate the relation between Landau-Ginzburg models and Calabi-Yau 
spaces. Recently a two-dimensional gauge theory coupled to a linear sigma 
model was used to investigate aspects of the dynamics of vortices using 
branes |36] . 

In two dimensions, the Wess-Zumino term has the same mass dimension 
as the kinetic term of sigma model scalars. Therefore two-dimensional su- 
persymmetric gauged theories can couple to non-linear sigma model matter 
which also has a non-vanishing Wess-Zumino coupling. Such a theory is 
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renormalizable. The gauging of supersymmetric two-dimensional non-linear 
sigma models with a Wess-Zumino term have been considered in |37[ I38j . 
However in these papers the part of the action which involves the gauge 
field kinetic terms has not been given. It has been found in |37] that the 
Wess-Zumino term of a non-linear sigma model cannot always be gauged. 
The conditions for gauging a Wess-Zumino term have been identified as 
the obstructions to the extension of the closed form associated with the 
Wess-Zumino term to an element of the equivariant cohomology [SHI of the 
sigma model target space |4fl| l41j. Scalar potentials for supersymmetric two- 
dimensional sigma models with Wess-Zumino term have been investigated 

in [231311131 1121 ■ 
1.2 Outline 

1.2.1 Supersymmetry in sigma models 

In the second chapter, we review one and two dimensional sigma model 
with various amounts of supersymmetry. We begin with a discussion of 
two-dimensional sigma models (p : 3 ^ M where the target space has a tor- 
sion H. The torsion is introduced into the action by a Wess-Zumino term, 
however this term is only defined locally on a given coordinate patch of M, 
therefore the action S is not globally defined; in particular the exponential 
exp(iS) that appears in the path integral may not be well defined. We will 
discuss the global aspects of torsion, for example we will derive a topolog- 
ical condition, analogous to Dirac's quantisation condition for strings, for 
exp{iS) to be well defined and therefore write the action in a globally de- 
fined way. Next we shall introduce the {p,q) supersymmetry model where 
q = 0,1. The (1,0) model is enlarging the worldspace H to the superspace 
S^''^ by adding a Grassman (anticommuting) degree of freedom; the sigma 
model map will then be a multiplet consisting of a scalar (f) and a fermion 
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field A. We will write down the super symmetric action as an action over 
the supcrspace S^''^ and construct the Noether supercharge that gen- 
erates the supersymmetry. On writing the action as an integral over the 
bosonic coordinates of the superspace only, ie. the coordinates of H only, 
we will recover the original non-supersymmetric action plus fermion terms. 
Then we will introduce (p,0) supersymmetry for p = 2,4. We will find that 
(2,0) supersymmetry requires that the target manifold M is a KT manifold 
and that (4,0) supersymmetry requires that M is HKT, demonstrating the 
relationship between supersymmetry and target space geometry. We will 
show that no other interesting cases for (p,0) supersymmetry exist. Next we 
will introduce {p,l) supersymmetry for p = 1,2,4. We will find that these 
models arc analogous to the {p,0) models; in particular (2,1) supersymmetry 
requires that M is KT and (4,1) supersymmetry requires that M is HKT. 
We will demonstrate why it is not possible to define a (2,1) supersymmetric 
theory on a manifold with vanishing torsion. Finally we will introduce one 
dimensional sigma models, which are maps cf) : H ^ M where the (bosonic) 
dimension of the superspace is dimS = 1. In this section we will also intro- 
duce a fcrmionic supcrficld Xi which can be thought of as belonging to the 
Yang-Mills sector of the theory. Wc will describe an iV = 1 supersymmetric 
action for (p and % and construct the Noether supercharge of the symmetry. 
We will briefly comment on the differences of the geometry of the target 
space between two-dimensional and one-dimensional sigma models with ex- 
tended supersymmetry. 

1.2.2 Supergravity and one- dimensional sigma models 

In the third chapter, we will introduce the most general one dimensional 
A'" = 1 supersymmetric action with dimensionless couplings, and describe 
the action in components. We will then describe the Noether procedure, 
where the supersymmetry parameter e is no longer assumed to be constant. 
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but to depend on the coordinates of the worldspace. Such models are known 
as supergravity models because they can be shown to include gravity. We 
demonstrate the Noether technique explicitly on a simple Lagrangian, in- 
troducing gauge fields which cancel the variations proportional to deriva- 
tives of e. We then describe the most general N = 1 action after gauging 
its supersymmetry and introducing the supergravity gauge fields. We de- 
rive the Hamiltonian of the theory and calculate the first and second class 
constraints; we show that these are conserved with time and express the 
Hamiltonian as a linear combination of the second class constraints. We 
then quantise the theory using the Dirac-Bergmann method; we calculate 
the Dirac operator and show that it squares to the Klein-Gordon operator. 
We will give two representations of the Dirac operator in terms of Dirac 
matrices, then finally we will comment on the existence of zero modes of the 
Dirac operator on curved manifolds. 

1.2.3 Equivariant cohomology 

In the fourth chapter, we review the results of equivariant cohomology that 
we will use in the following chapters. Equivariant cohomology describes the 
cohomology of gauge invariant forms that arise when a manifold M admits a 
group action with gauge group G; we will give a mathematician's definition 
in terms of the universal classifying space EG of G. We will then construct a 
model for the equivariant cohomology as follows. We define the Weil algebra, 
which can be thought of as the differential graded algebra generated by the 
gauge potential A and the field strength F. The Weil algebra is used to 
generalise the space of forms to include forms which are polynomial in A 
and F\ the subspace invariant under gauge transformations is called the 
space of basic forms r2*(M). The cohomology of ri*(M) is the equivariant 
cohomology. We will define an equivariant extension of a form, and in a 
final section which can be read independently of the rest of the chapter. 
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we will give a more useful, physicist's way of thinking about equivariant 
cohomology. 

1.2.4 New two dimensional gauge theories 

In the fifth chapter, we shall construct the actions of (p,0)- and (p,l)- 
supersymmetric, 1 < p < 4, two-dimensional gauge theories coupled to 
non-linear sigma model matter and with non-vanishing Wess-Zumino term. 
In addition we shall also consider the scalar potentials that arise in these 
theories. This will generalise various partial results that have already ap- 
peared in the literature. To simplify the description of the results from here 
on, we shall use the term 'sigma models' instead of the term 'non-linear 
sigma models' unless otherwise explicitly stated. The method we shall use 
to construct the various actions of supersymmetric two-dimensional gauged 
theories coupled to sigma models is based on the superfields found in the con- 
text of supersymmetric sigma models [431 144| and later used in the context 
supersymmetric gauged sigma models [35]. One advantage of this method 
is that it keeps manifest the various geometric properties of the couplings 
that appear in these theories. This will be used in the fourth chapter to 
construct of various bounds for vortices. Since the parts of the actions that 
we shall describe involving the kinetic term of the sigma model scalars, the 
Wess-Zumino term and their couplings to gauge fields are known, we shall 
focus on the kinetic term of the gauge fields and the scalar potentials of 
these theories. We shall allow the gauge couplings to depend on the sigma 
model scalars and we shall derive the various conditions on these couplings 
required by gauge invariance and super symmetry. We shall find that the 
scalar potential of gauge theories coupled to sigma models in two dimen- 
sions, even in the presence of Wess-Zumino term, is the sum of a 'F' term or 
a 'D' term or both. The presence of a D-term, or Fayet-Iliopoulos term, may 
come as a surprise. This is because in the presence of a Wess-Zumino term 
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the geometry of the target space, say, of (2,0)-supersymmetric models where 
such a term in expected, is not Kahler and but Kahler with torsion (KT). 
Thus the Kahler form is not closed and there are no obvious moment maps. 
However, it has been shown in jlS] that KT geometries under certain condi- 
tions admit moment maps and are those that appear in the Fayet-Iliopoulos 
term of these models. Similar results hold for the (4,0)-supersymmetric 
models. We shall observe that the gauged (p,l), p = 1,2,4, multiplets are 
associated with scalar superfields. For the gauge theories with (2,1) and 
(4,1) supersymmetry, these scalar multiplets satisfy the same supersymme- 
try constraints as the associated sigma model multiplets. Therefore these 
gauge theories can be thought of as sigma models with target spaces g K^, 
p = 1,2,4. This will allow us to combine the (p,l) gauge multiplet and the 
standard sigma model {p, 1) multiplet to a new sigma model multiplet. As a 
result, sigma model type of actions can be written for these gauge theories 
coupled to matter for which the associated couplings depend on the scalar 
fields of both the sigma model and gauge multiplets. This generalizes the 
results of jHH] . 

1.2.5 Vortices and bounds 

In the sixth chapter, we shall show that the Euclidean actions of (2,0)- 
and (4,0)-supersymmetric two-dimensional gauge theories coupled to sigma 
models with a Fayet-Iliopoulos term but with vanishing Wess-Zumino term 
admit bounds. In particular we shall find that the Euclidean action Se of 
the (2,0)-supersymmetric theory is bounded by the absolute value of a topo- 
logical charge Q which is the integral over the two-dimensional spacetime 
of the equivariant extension of the Kahler form of its sigma model target 
space, Se > \Q\- The sigma model manifold in the (4,0)-supersymmetric 
theory is hyper-Kahler and so there are three Kahler forms each having an 
equivariant extension. The Euclidean action Se of the (4,0)-supersymmetric 
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theory is bounded by the length of the three topological charges Qi,Q2, Qs 
each associated with the integral over the two-dimensional spacetime of the 
equivariant extensions of the three Kahler forms, Se > \/Qi + Q2 + Qi- 
This is another application of the equivariant cohomology in the context of 
two-dimensional gauged sigma models which is distinct from that found in 
j4Ul I41j and we have mentioned above. (For many other applications see for 
example HHIO The configurations that saturate these bounds are vortices 
and include the Nielsen-Olesen type of vortices ^ associated with gauge 
theories coupled to linear sigma models. In particular the bounds above 
generalise that found by Bogomol'nyi in jlH] for the abelian vortices of a 
gauge theory coupled to a single linear complex scalar field. 

We also find that similar bounds exist in higher dimensions for action 
type of functionals that involve maps between two Kahler manifolds of any 
dimension coupled to gauge fields or maps from a Kahler manifold into a 
hyper-Kahler manifold again coupled to gauge fields. The structure of these 
functionals is such that it includes the Euclidean actions of some supersym- 
metric gauge theories in higher dimensions coupled to sigma models with 
Fayet-Iliopoulos terms. In particular the first case, which involves maps be- 
tween two-Kahler spaces, includes the Euclidean action of a four-dimensional 

= 1 supersymmetric gauge theory coupled to a sigma model. The latter 
case, which involved maps from a Kahler manifold into a hyper-Kahler one, 
can be associated with the Euclidean action of a four-dimensional N = 2 su- 
persymmetric gauge theory coupled to a sigma model. Note that in = 1 
theories in four dimensions the sigma model target space is Kahler while 
in the N = 2 theories in four dimensions the sigma model target space is 
hyper-Kahler. In all these cases the action functionals are bounded by topo- 
logical charges which involve the equivariant extensions of the Kahler forms 
of the sigma model target space as well as the second Chern character of 
the gauge fields. Our results are different from those of |49[ l5Uj for non- 
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abelian vortices which involve non-abehan gauge theories coupled to linear 
sigma model matter. Note that in the bound constructed in j49j . the topo- 
logical term involves the first class and second Chern character of the gauge 
fields instead of the equivariant extension of the Kahler form and the second 
Chern character of the gauge field that we find. It turns out that in the case 
of gauge theories coupled to linear sigma models of |35| the two different 
topological charges can be related, see also |51| . However this involves a 
partial integration procedure in which various surface terms are taken to 
vanish. We remark that in the construction of the bounds that involve the 
equivariant extensions of the Kahler forms, and also in 1 181 , the topological 
terms are identified with what remains after writing the Euclidean actions 
of the theories as a sum of squares without the use of partial integrations. It 
is clear that our results can also be used to construct bounds for solitons in 
appropriate gauge theories coupled to sigma model matter in odd-spacetime 
dimensions. This is the usual situation where instantons in an n-dimensional 
theory can be thought of as static solitons of an (n-l-l)-dimensional theory. 
In particular, there is a bound for the energy of static configurations of a 
three-dimensional N = 2 supersymmetric gauge theory coupled to sigma 
model matter. This new bound is an extension to gauged theories of the of 
bounds found in [22] and generalizes that of |53j . 



Chapter 2 

Sigma Models 



A sigma model is defined by two manifolds: the worldspace (or superspace) 
(S, /i), the target space {M,g) and the sigma model fields which are maps 
(/) : E ^ M. The dimension of the sigma model is the dimension of S; in 
this chapter we will describe the cases dimS = 2 and dimS = 1. 

2.1 Two dimensional sigma models 

In the two dimensional case, sigma model fields are maps (/) : 3 ^ M where 
dimH = 2. It is usual to take S to be a flat Minkowski manifold with 
coordinates x'* = {x,t) and metric rjfj,,^ because this represents objects with 
string-like degrees of freedom; we can think of the timelike direction t as 
proper time and the spacelike direction x as the degree of freedom along the 
stringlike object. 

Since the Lorentz group acts on S it is convenient to use the null coor- 
dinates = {x + t,x — t); with this choice of parameterisation the 
group action is diagonalised and the indices denote the Lorentz weights: 

[M, v^] = [M, v=] = -v= (2.1.1) 

where is a vector and M is an infinitesimal Lorentz group generator. An 
object is Lorentz invariant if its total weight is zero. 

20 
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2.1.1 The action 

The fields of interest satisfy an action principle with action 

S[^] = ld^xg,,{(t>)d^^'d=4>^ (2.1.2) 

where gij is the metric of the target space manifold M. This action is 
invariant under the following transformations: (i) coordinate changes — > 
of the target manifold M, (ii) Lorentz transformations on H, and (iii) 
linear transformations of the field (p given by 

x=^x= + a= (2.1.3) 
^ - a^d^(t>' 

where = {a'^^a^) is a real constant. The third set of transformations 
are generated by the Noether charge = [P^^ , P= ) associated with energy 
and momentum, and is realised on (p hy Pfj_ = (— —d=). In fact the ac- 
tion H2.1.2I) is also invariant under conformal transformations = a'^(x^), 
= a^(x^). 

2.1.2 The Wess-Zumino term 

It is natural to add torsion to the theories described above, as we shall 
see this is essential in the formulation of certain supersymmetric theories. 
Other applications of torsion include the cancellation of anomaly terms, see 
for example |54j . 

The previous action with a Wess-Zumino term is 

S[(t>] = jd?x [gij + hij)d^(t>'d=(tP (2.1.4) 

where hij is a two-form; the torsion of M is H = db. 

The action with torsion (|2.1.4j) has the same invariances as before, ie. 
under (i) coordinate changes of M, (ii) Lorentz transformations of H, and 
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(iii) linear translations of (p. However bij may change by a gauge trans- 
formation when we move between coordinate patches on M. Therefore bij 
and the action H2.1.4() may only be locally defined if the topology of M is 
non-trivial. Note though that H = db is always globally defined. We discuss 
this in the next section. 

2.1.3 Global aspects of torsion 

The equations of motion are globally defined because they depend on the 
torsion H not the Wess-Zumino term b, which is locally defined. It is not 
possible classically for the action of the Wess-Zumino term to be globally 
defined. However in quantum theory, exp{iSE) must be globally defined, 
where Se is the Euclidean action. 

Choose a 'background' map (f)Q : 3 ^ M which is homotopic to the 
sigma model map (p defined before. Then we define the Euclidean action of 
the Wess-Zumino term as 



where (/> : / x H ^ M, I is the interval / = [0, 1], and (p are the interpolating 



Se depends on the choice of 0. To determine this dependence, take a 
second homotopy cj)' between (j) and 0o and calculate the difference. 




(2.1.5) 



maps with (j){0,x^) = (po and (p{l,x^) = (p{x^). 



^Se = SeW]-SeW\ . 



(2.1.6) 



This can be rewritten as 




(2.1.7) 



where 



cp"{t,x^)=l 



(/>(2t,x^) 



< t < ^ 



(2.1.8) 



(p\-2t + 2,x^') ^<t<l 



CHAPTER 2. SIGMA MODELS 



23 



and satisfies (j)"{0, x^^) = (j)"{l,x^^) = 4>q. The difference (|2. 1.8(1 is tlie integral 
of a closed three-form over a compact three-manifold without boundary and 
in general evaluates to a real number. 

Therefore, if [H]/2tt € H^{M, Z) then AS'^; = 2im where n is an integer, 
so exp(iS'£;) will be independent of the choice of the interpolation between 
4>Q and (/> and so well-defined. 

2.1.4 Supersymmetric sigma models 

We will introduce supersymmetry through its algebra. Let Q be the Noether 
(super)charge generating a supersymmetry, then the supersymmetry algebra 
is 

[Q,Q]+ = 2iP (2.1.9) 

where the brackets are anticommutators. Note that Q must be anticommut- 
ing (Grassman odd). 

In components, P = (P^,P=) so Lorentz consistency requires that Q = 
{Q-\-, Q ) with Lorentz weights +1/2, —1/2 respectively. Fields with an even 
number of plus or minus signs are bosonic (commuting); those with an odd 
number are fermionic (Grassman odd). 

A (p, q) supersymmetric model has p left-handed supercharges Q+ and 
q right-handed supercharges Q-. We will construct various (p, q) supersym- 
metric models in the following sections. 

2.1.5 (1,0) supersymmetric sigma models 

In this section we will construct a two-dimensional sigma model which re- 
alises the (1,0) supersymmetry algebra symmetry algebra 

[Q+,Q+]+ = 2iP^ . (2.1.10) 

We begin with the superspace r}'^ , which we take to be a supermanifold pa- 
rameterised by {x^ ^6~^) where {x^^x^) are the null coordinates defined 
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in section 12.11 and is a real Grassman coordinate, which is anticommut- 
ing and in particular {9^)"^ = 0. The index denotes the Lorentz weight, we 
define an upper (it) index the same as a lower (=p) index. 

The Grassman derivative dgj^ = satisfies dg+O^ = 1, and we define 
the supercovariant derivative Dj^ by = id^, in components this is 

To construct the Noether charges, P is realised exactly as before, P = 
{Pjp,P=) = {—djp, —d=). We may now define Q+ by the property that 

[Q+,D+]+ = 0, (2.1.12) 

in components this is 

It may be checked that Pj^ and Q+ indeed obey the supersymmetry algebra 

The two-dimensional (1,0) supersymmetric sigma model is defined by 
the superspace (worldspace) the target manifold {M,g) and the sigma 
model fields cj) : H^'*^ M. The fields satisfy an action principle with action 

S = -i [ (fxde+ {gij + bij)D+(j)'d=(jy' . (2.1.14) 

The integral J dO^ = dgj^ is the standard Berezin integration (we remind 
the reader that d^"*" has the opposite Lorentz weight to ^~''); 6 is the Wess- 
Zumino term of the previous section. 

The action (|2.1.14|) is invariant under the three transformations before: 
(i) coordinate changes of M (up to gauge transformations of 6^^), (ii) Lorentz 
transformations of r}'^ and (iii) linear transformations of (/> generated by 
P. In addition, it is invariant under supersymmetries generated by Q+, 
6f:cj)^ = €-Q-^.(p^ where e_ is a constant anticommuting parameter. To see 
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this, set 5 = 0, apply 5^ to the fields, use [-D+, Q+]+ = and expand Q-^- in 
components to give 

S = -i jd^xdd+e^[^ - ie+-^^gi^D+<P'd=<j>i . (2.1.15) 

which evaluates to a surface term that vanishes. In general an integral over 
the full superspace is manifestly supersymmetric. 



For b ^ 0, under the conditions of section 12.1.31 the action may be 
written globally as 

S[(p] = -i jd^xde^ gijD+(P'd=(f>^ -i jd^xdO+dt Hijkdt4>'D+4Pd=4>'' 

(2.1.16) 

which is manifestly supersymmetric. 

It remains to describe the sigma model multiplet (superfield) (p = 
(j){x^, 9^). We calculate the Taylor expansion around 9^ = 0, which quickly 
terminates to give 

(/)^(x^, 0+) = (l)\x'') + 9+X\{x'') (2.1.17) 
where the components are 

(l,\x>^) = (/>Xx^0+)|,-,=o = D^cp\x^,9+)\e+=o , (2-1.18) 

which are the scalar and the fermion field. The fermion can be thought of 
as the superpartner of 

Under the supersymmetry transformation, 

5,(j)\x^') = e-AUx'^) 

(2.1.19) 

d.X^ix'') = ie.d^^'ix'') 
we see that supersymmetry swaps a field with its superpartner. 

Evaluating the superspace integral in ()2.1.14|) gives the action for the 
components, 

S = Jd^x {{gi, + hij)d^(l)'d=(t>i + i<7yAVVL+)Ai) , (2.1.20) 
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where vi^'*A*|_ = V =X\+^H^ji^d=(p^ X^, and V is the Levi-Civita connection; 
we see that if is a torsion three-form. 

2.1.6 (2,0) supersymmetry 

Now we will construct the (2,0) supersymmetry algebra, 

[Qp+,Qg+]+ = 2iSpgP^ (2.1.21) 

where p,q = 0, 1. We begin with the sigma model from the previous section; 
recall that H^'*^ = {x'^,x^,9'^), (f) : 3^'^ M and that the action is 

S = -i Jd^x (gij + hij)D+4)'d=(ty> . (2.1.22) 

We note that (j) has the same component expansion as before H2.1.18|) because 
it is defined in exactly the same way; the second supersymmetry will not 
introduce any new fields. 

We relabel the previous supercharge as (5o+ = Q+ and look for a second 
supercharge of the form 

= fjD+<^ . (2.1.23) 

Lorentz covariance requires that J*j- is a (1,1) tensor on M . We require that 
satisfies the supersymmetry algebra; we find 

= j/^. _ jy\^^)D+cpiD+<t^^ - ir,J\D+ct^^ , (2.1.24) 

and so closure of the algebra requires the constraints 

J',J\ = (2.1.25a) 
N% ^ \{J\iA - AA,i) = , (2.1.25b) 

where is the Nijenhuis tensor. These conditions imply that J is a complex 
structure, therefore (M, J) is a complex manifold; in particular its dimension 
is even. 
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Invariance of the action under the second supersymmetry requires that 

9kiJ\fj = 9^j (2.1.26) 
V;+)J^, = 0. (2.1.27) 

Therefore 5 is a Hermitian metric and J is covariantly constant with respect 
to V^^-* = V + ^H, where V is the Levi-Civita connection and H is the 
torsion. This imphes that M must be a KT (Kahler with Torsion) manifold, 
in particular V'^^^ has U (n) holonomy. 

We observe that the amount of supersymmetry in the model constrains 
the target space geometry. The converse is also true; given a complex 
structure on a Hermitian manifold satisfying the constraints above, we can 
construct a second supersymmetry, and this is a general feature of two- 
dimensional supersymmetric sigma models. 

We present a second, equivalent, formulation of the (2,0) model by in- 
troducing the (2,0) superspace H^'*^ with coordinates (rc^, x^, ^0+) ^i+); the 
sigma model fields are now maps cp '■ ~^ M. Supercovariant derivatives 
Z)o+7-Di+ are defined similarly to the (1,0) case H2.1.11|) and satisfy 

Do+^ = ^ [Do+,Di+]+ = . (2.1.28) 

We impose the constraint 

D,+cl)' = J)Do+(l)^ (2.1.29) 

on the superfields. The independent components of (j) are then 

= 'P\=e+=o = Do+'P\=0+=o ' (2.1.30) 

which correspond to those defined before in (|2.1.18|) . 

Consistency of the above constraint with (|2.1.2<Sj) requires precisely the 
conditions we had before for the closure of the algebra H2.1.25|l : therefore J 
is a complex structure and M is a complex manifold. 
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The supercharges Qp+ are defined by [Qp-^-, Dq^]-^- = 0; with the above 
constraint they are identical to those defined in the first part of this section, 
and in particular satisfy the supersymmetry algebra. 

The action is 

S = -i jd?xde^^ {gij + bij)Do+(p'd=(j>' , (2.1.31) 

which is exactly as before p.l.22|) except that here the t/i)' are (2,0) su- 
perfields. Invariance of this action under supersymmetry is an identical 
calculation to the previous case and leads to the same constraints H2.1.26|) : 
in particular, M is a KT manifold. 

2.1.7 (4,0) supersymmetry 

The results of the previous section are readily generalised to the case when 
we have more than two left-handed supersymmetries, 

[Qp+,Qq+]+=2i6pgP^, p,q = 0,...,n-l . (2.1.32) 

Let = (x^t", x", 0"^) be the usual (1,0) superspace and (p ■ ^^'^ M he 
the sigma model field. We consider the supercharges 

Qo+cl)' = Q+cl>' (2.1.33) 
Qr+cp' = Jr)D+^ (2.1.34) 

where Q+ was defined in (|2.1.13|) and r = l,...,n — 1. By an identical 
calculation (|2.1.25j) to the previous section, the requirement that the super- 
symmetry algebra is satisfied implies that each Jr is a complex structure. 
An extra constraint arises because the Qr+ anticommute; this is 

■^r^k^s^j + ■Js\Jr^j — • (2.1.35) 

The action of the theory is 

S = -i jd?xde+ {gij + bij)D+(t)'d=(l>' , (2.1.36) 
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and as in the previous section, invariance of the action requires that 

gkiJrWj=9ij (2.1.37) 

Therefore the metric is Hermitian with respect to each complex structure, 
and each complex structure is covariantly constant. In particular, dimM = 
4n and V*^^-* has Sp{n) holonomy. 

Prom (|2.1.35j) , if we have two complex structures Ji and J2 , we may form 
a third J3 = Ji ■ J21 so (3,0) supersymmetry implies (4,0) supersymmetry. 
Furthermore, if there are more than three complex structures, then the 
target manifold M is reducible 0. Thus (4,0) supersymmetry is the only 
additional interesting case, and the geometry of M is then HKT (Hyper- 
Kahler with Torsion); ie. there exists a metric connection with torsion 
whose holonomy is Sp{n); dimM = 4n. 

2.1.8 (1,1) supersymmetry 

We will now generalise the analysis of section l!^.1.5l to have two supercharges 
of opposite chirality. The supersymmetry algebra is 

[Q+,Q+]+ = 2i^+ [Q-,Q-]+ = '^iP= (2.1.39) 

[Q+,Q_]+ = 0. (2.1.40) 

We define the (1,1) superspace r}''^ = {x"^ , , 6^ , 6^) where (x^,x^) are 
the null coordinates defined in section ITT] and 6^,6~ are Grassman coordi- 
nates of opposite chirality. We define the supercovariant derivatives Z)+, D_ 
by = id^, = id= and [D^, D^]^ = 0; their component expansion 
is 
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The Noether supercharges are defined so that [(5+,-D±]+ = and 
[Q-, D±]^ = 0; their expansions in components are 

and it may be checked that Pj^, P=, (5+ and Q- obey the supersymmetry 
algebra (gTMI). 

The two dimensional (1,1) supersymmetric sigma model is defined by 
the superspace S^'-*^, the target manifold {M,g) and sigma model maps (j) : 
S^'"*^ M which satisfy an action principle with action 

S = jd?xde+de- {{gij + bij)D+<t)^D^(^) . (2.1.45) 

This action is invariant under (i) coordinate changes of M (modulo gauge 
transformations of 6), (ii) Lorentz transformations of r}'^ and (iii) the trans- 
formations of the fields generated by translations and supertranslations, ie. 

5^^^ = a^P^^^ + a=P=(l)' (2.1.46) 
6,(P' = €+Q+(P' + €-Q^(P' (2.1.47) 

where is an infinitesimal (bosonic) constant and e~^,e~ are constant 
Grassman parameters. To show that this is the case, (i) and (ii) are mani- 
fest; for part (iii), invariance under Pjp,P= follows similarly to section 1!^. 1.11 
and invariance under Q± follows from a similar calculation to (|2.1.15|) . 

The new right-handed supersymmetry introduces a second fermion to 
the theory to the sigma model multiplet; (p now has the components 

f = F' = ^L>_(/.^| (2.1.48) 

AV = D+(f>'\ XI = D.(l)\\ (2.1.49) 

where the vertical line denotes evaluation at 0^ = 9^ = 0. 
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The action in components is 

S= fd?x {{gij + bi,)d^ct>'d=cl>' + igijX\_vth\ + igijXlvt^X^ 

-I (2.1 



(2.1.50) 



where V(±) = V±^H, 

^itki ~ ^ijki + diHjki — djHiki + H^jiH^^^ — HmiiH"^ji^ (2.1.51) 

is the curvature of V^"*") and Rijki is the Riemann tensor. We may ehminate 
F from the above action because its equation of motion is -F = 0. 

The components transform under the supersymmetry transformations as 

6,^' = X\ + e- (2.1.52) 

= le+d+cp^ + e-(r^, + ^H),)X\Xl. (2.1.53) 

SeXl = -e+(r^, + ^H),)XiXl + ie-a=0* , (2.1.54) 
where we have ehminated the field F. 

2.1.9 (2,1) supersymmetry 

The (2,1) supersymmetry algebra is 

[Qp+, Q,+]+ = 2i6pgP+ [Q-,Q-]+ = 2iP= (2.1.55) 

where p,q = 0, 1 and all other brackets vanish. We recall the definition 
of the (1,1) supersymmetric sigma model and relabel the supercharge as 
Qo+ = Q+- The second supersymmetry is defined to be 

Qi+(l)' = fjD+(j>> . (2.1.56) 

To satisfy the supersymmetry algebra, we must impose the same conditions 
on J as the (2,0) case (I2.1.25I1 . ie. that J is a complex structure. Invariance 
of the action 

S = Jd'^xde+de- {gij + bij)D+(t>'D^(tP (2.1.57) 
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requires that g is Hermitian with respect to J and that J is covariantly 
constant, ie. 

9kiJ\j) = 9ij = • (2-1-58) 

Therefore M is a KT manifold. 

The component form of the action (|2.1.57|) was given in the previous 
section (|2.1.5U|) . 

A second equivalent formulation is to define the (2,1) superspace H^'^ 
with coordinates [x"^ ^x^ ^9^ ,6^^ ,6^). Supercovariant derivatives -Dp+, 
are defined to satisfy 

i?o+' = ^1+' = [Z)o+,I)i+]+ = [D^+,D_]+ = Q- (2.1.59) 

we constrain the sigma model maps (j) : H^'^ — > M by 

Di+cj)' = fpo+<tP . (2.1.60) 

Consistency of this constraint with the algebra (|2.1.59j) of supercovariant 
derivatives requires that J is a complex structure; invariance of the ac- 
tion (|2.1.57|) requires precisely the same constraints as before (|2.1.58j) . which 
imply that M is a KT manifold. 

We observe how the torsion of the theory allows us to define theories with 
differing numbers of right and left handed supersymmetries. For suppose we 
look for an additional right handed supersymmetry, 

= K)D^(j)^ . (2.1.61) 

The supersymmetry algebra and invariance of the action then imply the 
conditions 

K)K\ = -6\ (2.1.62) 
N)k ^ \{K\iK'^ - K\K'k,j) = (2.1.63) 
gkiK'^^K^j = gij (2.1.64) 
V^r^K\ = . (2.1.65) 
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If the torsion vanishes, H = 0, the last condition above becomes ViK-'j^ = 
which is satisfied by taking K = J; therefore it is not necessary to intro- 
duce a second complex structure K. Hence on a Kahler manifold, (2,1) 
supersymmetry implies (2,2) supersymmetry. 

We note that (2,2) supersymmetry on a KT manifold M requires two 
commuting complex structures J and K; in this case we can form a product 
structure ITj = J^j^K^-; using 11 we may decompose M to be diffeomorphic 
(but not isometric) to product of two manifolds. Mi x M2 where Mi and 
M2 are both KT. This allows the introduction of twisted multiplets, see for 
example [SS] . 

2.1.10 (4,1) supersymmetry 

The results of the previous section are readily generalised to the case when 
we have two or more left handed super symmetries (and one right handed 
supersymmetry). From the section on (4,0) supersymmetry, we know that 
the only interesting case will be (4,1) supersymmetry. 
The (4,1) supersymmetry algebra is 

[Qp+, Qq+]+ = 2i5pqP^ [Q-,Q-]+ = 2iP= (2.1.66) 

where p, q = 0, . . . ,3. We define the (4,1) superspace H^'^ with coordinates 
(x^, ,dp ,6-); the sigma model fields are maps (j) '■ ^^'^ ~^ We define 
the supercovariant derivatives Dp+,D- to satisfy 

i^p+' = % [Dp+,Dq+]+ = [Dp+,Z?_]+ = (2.1.67) 

and impose the following constraint on the sigma model fields. 



Dr+cf>' = J,)Do+4^ r = 1,2,3 



(2.1.68) 
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The supercharges are 

= {de,- - i0od=)(f>' (2.1.69) 
Qo+cf>' = {de,+ -ie+d^W (2.1.70) 

Qr+f = Jr)Do+(l>^ (2.1.71) 

where r = 1, 2, 3. The supercharges obey the supersymmetry algebra if and 
only if the algebra of super covariant derivatives is satisfied; for this to hold 
we require 

1 



(2.1.72) 



N ^ = —( 1 ^ 7*_7*7' \ — C\ 
-'^r jk — ^ Wr- k,l'^r j "^r I'^r k,j) ~ " 

Tijk,jijk_ _r)i: H 
"^r k'^s j ' "^s k'^r j ~ ^'-'rs'J j ■ 

Therefore the Jr are anticommuting complex structures. 
The action is 

S = Jd^xde^de- (gij + bij)D+(j)'D_(l>' ; (2.1.73) 

invariance of the action requires that g is Hermitian with respect to each Jr 
and that each is covariantly constant, 

9klAj'j=gij VWJ^, = 0. (2.1.74) 

Therefore M is a HKT manifold. We note that the torsion vanishes, H = 0, 
then we would be able to construct (4,4) supersymmetry in a similar way 
to the previous section. 



2.2 One dimensional sigma models 

Let be one dimensional N = 1 superspace with coordinates {t, 6) where 
where t is a real coordinate and ^ is a Grassman coordinate. A one dimen- 
sional N = 1 sigma model superfield is a map q : T?- ^ M where (M, g) 
is the target manifold; q can be thought of as a point particle with proper 
time t. 
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We introduce a second fermionic superfield which is defined to 

be a section of the bundle q*e over S^, where e is the real vector bundle over 
M. It can be thought of as the Yang-Mills sector, and is used for example 
to introduce a potential into the model, see for example [11'. 

We define the supercovariant derivative D by the property = d where 
d = in components 

d d 

Let hab be the fibre metric and B-"'^^ the connection of the bundle. We define 
the covariant derivative 

Vx" = Dx" + Dq'B.^x' ; (2.2.2) 

without loss of generality we may assume that the fibre metric hat is com- 
patible with the connection, Vihab = 0. 

The two multiplets satisfy an action principle with action 

5 = - ^dtd^ ilgijDq'dq^ + ^CijkDq'DqWq'' - ^/^afeX^Vx') • (2.2.3) 

if c is closed then it may be interpreted as the torsion of M, however we will 
make no such restriction. 

The action is invariant under (i) reparameterisations of the superspace 
Ti^, (ii) reparameterisations of the target manifold M and (iii) linear trans- 
lations of the field given by 

t^t + a (2.2.4) 
q^q- adtq (2.2.5) 

where a is real and constant; these transformations generate the Noether 
charge P = d associated with energy. The action is also invariant under 
supersymmetry generated by the supercharge Q defined by = 0, in 

components this is 
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and acts on the fields as 6e(p^ = eQcj)"^, d^x"" = eQx"; where e is an constant 
Grassman parameter. 

Taking the commutator of two such transformations, 

[6^,6r,]qf' = 2Cr,r = 2Cr,Pq''. (2.2.7) 

which shows that Q and P satisfy the supersymmetry algebra, 

[Q,Q]+ = 2iP. (2.2.8) 

We expand the action in components defined by 

= q'\ = Xl (2.2.9) 

= Dq'\ y" = Vxl (2.2.10) 

where the line means evaluation at 9 = 0. We are following the standard 
convention of using the same letter for a superfield and its lowest compo- 
nent. The field is auxiliary and we will eliminate it later. Expanding the 
action into component form, we find that 

J I I II (2.2.11) 

+ \G,,ab\'\'x^x^ + ^V[,c,H]A*A^A'=V) 

where Gijah is the curvature of the vector bundle connection 

G,,\ = 9,5/, - d,B,\ + Bt^B^, - B;^B,\ (2.2.12) 

and V^^-* is the covariant derivative including the c term, 

Vj+^A^ = VfA* + ^c\.fcQ^A'= (2.2.13) 

The = 1 supersymmetry transformations of the component fields are 

5,q' = eX' (2.2.14) 

6,X' = -ect (2.2.15) 

d^x"" = e(y'^ - A*5,%x') (2.2.16) 

S^y- = -e(Vtx" + A^S, V) + ^eAU^x'G^/fc (2.2.17) 
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Extended supersymmetries, where there are > 1 supercharges may be 
constructed in the same way as for two dimensional sigma models. We com- 
ment that the resulting models are broadly similar to the two dimensional 
case, except that the resulting geometry of the target manifold M is not so 
tightly constrained. For example, in ^Sj an = 3 multiplet is constructed 
which does not imply = 4, and N = 2 models are defined on manifolds 
with foliations. 



Chapter 3 



Spinning particles and 
Supergravity 



3.1 The = 1 super symmetric action 

The most general = 1 spinning particle action with rigid supersymmetry 

is ins, 

S = -Jdtde ^g^.Dq^^dtq" - h^px'^Vx^ + y^upDq^'Dq''Dq^ 

+ lm^apDq''x''x^ + \n^uc.Dq^'Dq-x'' + ^Wt^^X^X^ 
- Uadtq^x" + A^Dq^' + ms^x" 

(3.1.1) 

We recall the definitions from the previous chapter; D = Bq — 6dt and 

Vx" = I)x" + ^g'^V/3x'' (3.1.2) 

where -B^"^ is a connection of the bundle e with fibre metric hap. We 
may assume that the fibre metric hajs is compatible with the connection, 
^tiKp = 0. 

The action includes the c-term c^j^p and an electromagnetic potential A^. 
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The potential of the theory is described in terms of Sa ES], V{q) = mSaS°'/2. 
Also present are the Yukawa couplings m^ais , n^^a ■, and f^a ■ 

The action is invariant under worldline translations generated hy H = dt, 

5f)q>^ = er 5f ^X'^ = er (3.1.3) 

and supersymmetry transformations generated hy Q = de + 9dt, 

= CQq" <5a° = CQX" (3.1.4) 

where C is anticommuting. These two transformations satisfy the = 1 
supersymmetry algebra {Q,Q} = 2H. 

We expand the action in components defined by 

q'' = q^\ X" = X"I (3.1.5) 

A'^ = Dq^'\ = Vx°| (3.1.6) 

Expanding the action H3.1.1|) into component form, we find that 

S = Jdt ^g^^q^^q- + ^g^,Xf^v[+h'' -h^py^yf" -h^fsx^'Vix" 

+ Im^af^rx'^X^ + m^apX^y^x" " ^V[^m,]„^A'^A'^x°X^ 
+ n^uaq^^x'' - \n^uo.\^yy'' - ^V^^n.^j^A^A'^A^'x" 



1. „ « . 1 



- -rU^x'^X^^ - ^V^Z^^^A'^x^x'^X^ 



+ f^c.q^v'" + //.aA'^x" + ^^fv^^^q'x" 
+ A^^if - V^^A.^X^y - mso^y^ - mV ^s^X^t 

(3.1.7) 

where G^j,yap is the curvature of the vector bundle connection 

^^M'^"/? = ^M^i/"/3 - dyB^'^p + B^'^^Bj'p - B^°'^B^"'p (3.1.8) 
and V*-"*"-* is the covariant derivative including the c-term, 

V^+U'^ = VtXf' - ^c'^.p^X" (3.1.9) 
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The = 1 supersymmetry transformations of the component fields are 



S^q^' = CA^ (3.1.10) 

^^A'^ = -Cq'' (3.1.11) 

5cx° = C(y" - A^i?/^x^) (3.1.12) 

Scy"" = -C(Va" + X'B^^y^) + ^CX'-X'^X^G^^^ (3.1.13) 



3.2 Supergravity in one dimension 

To construct the = 1 supergravity action, we gauge the rigid supersym- 
metry by promoting the supersymmetry parameter to a local parameter, 
C, = C,{t). In general this will destroy invariance of (|2.2.1H) under supersym- 
metry, because we will get terms proportional to Therefore it is necessary 
to introduce gauge fields whose transformations will cancel with the (" terms 
arising from varying (|2.2.1H) . 

The method to find how these fields appear in the action, and their 
transformations, is the Noether technique. 

To illustrate this technique we will gauge the supersymmetry for a simple 
Lagrangian in flat space, reproducing the results of IT^ . 

j^o = lv^.urr + lvf.uX''y (3.2.1) 

Taking the supersymmetry transformation, with = Cit)i 

k^o = C^f.uX^q" (3.2.2) 

up to surface terms, which vanish in the action. To cancel (|3.2.2j) . consider 
the Lagrangian to first order in a parameter g, 

Ci = Co + g^ri^A''(f (3.2.3) 

where "0 is a gauge field with (5^-0 = —g^'^C- Then the variation of the new 
Lagrangian vanishes to zeroth order in g. 
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Continuing this process for all orders of g, the Noether technique gives 

C = ^e-X^rq" + Ivt^uX'^X" + ge-^i^v^^qn^ (3.2.4) 

which is precisely the result of . It proves necessary to introduce a second 
gauge field e which transforms under local supersymmetry as J^e = 2(^^/). It 
is an einbein which is the gauge field associated with the diffeomorphisms 
of the worldline. 

It is also necessary to modify the transformation for to 

6(;X>' = -e-^Ciq^ + g-^X^") (3.2.5) 

Applying the Noether method to (|3.1.7() . the = 1 supergravity action is 

S = Jdt ^e-'g^,{r + i^Xnir + + l9^.A^VtX'' 

+ \eG^,af,Xn''x''x'' 

+ Im^af^rx'^X^ + em^^pX^y'^x^ - ^eV[^m,]„^A^A^x"x^ 

+ n^uUr + l^XnX^x'' - len^uaX'^X'^y'^ - ^eV[^n,^],A'^A'^A''x° 

- ^el^p-rX^X^y'' - ^^i^L^yX'^x'^X^ - ^eV^/„^^A^x"x^X^ 

+ A^r-eV[^A,]X^X'' 

- msaiey"" + ipx"") - emV f.SaX^x" 

(3.2.6) 

We observe that the Lagrangian is not obtained by the simple minimal 
coupling rule ^ + tpX'^. 

The geometric interpretation of the couplings with the above action is 
manifest. The above action is similar to that of models with rigid super- 
symmetry in |18j . 
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After various redefinitions of the couplings and the fields, one can recover 
the action constructed in in the special case where f^a = 0. However, 
if ffia / then H3.2.6|) is more general. 

The = 1 supersymmetry transformations for the components fields 
become 

§^q^' = (X^' (3.2.7) 
5^A^ = -Ce-^(g'^ + V'A'^) (3.2.8) 
5cX° = C(y" - A^i?/^X^) (3.2.9) 

5cy" = -e~'C(Va" + V'y") - CA^i?/^/ + ^CA'^a'^x^g^/^ (3.2.10) 

The einbein e and gravitino ip transform as 

5<^e = 2CV', S^^i' = -C (3.2.11) 

Checking the algebra of the new transformations ()3.2.7p , 

(3.2.12) 
(3.2.13) 

from which we obtain 

[dc,<5^] = 2e-i(4f +5cr,v) (3-2.14) 

and the same is true on the components x";?/"- 

For invar iance of (|3.2.6)) under worldline diffeomorphisms, we need to 

( H) 

specify the action of 6e on the einbein and the gravitino, 

S^e = dtiee) 6i"^ = dtie^j) (3.2.15) 

and those for q^^, X^, and are unchanged. 
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3.3 Hamiltonian Analysis 

To investigate the Hamiltonian dynamics of the system described by (|.S.3.2)) , 
we foUow the Dirac-Bergman procedure 1521 to analyse the constraints. This 
will be important when we come to quantise the system in the next section. 
At this stage we introduce vielbeins e^*, i^'^ so that g^^j = rnje^ej and 
= Vah^a"'^p' where rjij and rjab are the flat metrics on the manifold and 
vector bundle respectively. We will use latin letters for vielbein indices and 
greek letters otherwise. We take 



as our new fermion fields. This ensures that in the next section, the Dirac 
brackets, hence commutation relations, between p and the fermions are zero. 
In the following analysis it is also necessary to set the Yukawa coupling 



Adopting this notation, and eliminating the auxiliary field from (|3.1.7|) 
using its equation of motion, gives the action 




(3.3.1) 



Ua = 0. 



S = jdt ^g^,e-\r + + i^^''j>^') + lv^,^''^tX' -^VabX'^'^tX' 

+ ^ehabY'^Y'' + ^eGijabyX'x^x' 
+ \c,,k{e;r + ^^V)A^A'= - lee^[^|V^C|,fc;]VAU'=V 
+ \rn^abq^x''x' " \ee^^^\V^my],,X'X^x^x' 

- ^i^labcX^x'x' - ^ee^V^/.beVx^x'x^ 

+ A^e - ee'^,.,V^Aj,]A*A^' - ^ms,x" - eme^V^SaVx" 



b 



(3.3.2) 



where for convenience we define 




■'A^ - -labcX^x"" - ms, 



a 



(3.3.3) 
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and the two covariant derivatives are with respect to the spin connection 
uoj'l on the manifold and the spin connectionfi^"^ on the vector bundle, 

VtA^ = dtX' + r^jJi.X'' (3.3.4) 
W = dtx'' + r^,;bX' (3.3.5) 

The canonical momenta for A* and are 

TTj = -^riijX' (3.3.6) 

1 1 ^ (3.3.7) 

respectively. Similarly the canonical momenta for e and i\) are 

^Xa = ^Vabx'', TTe = 0, TTy, = (3.3.8) 

Clearly the system is constrained, as would be expected. The explicit con- 
straints are 

0i = TTi + ^Vij>^^ ~ 4>xa= T^XO. " ^^abX^ ~ (3.3.9) 

= TTe ~ (j)^ = TT^ ~ (3.3.10) 

where the denotes weak equality, in other words equality up to polynomial 
combinations of the other constraints. 

The constrained Hamiltonian can then be found to be 



+ -ec^j,^|V^C|,.H]VA^A'=A' + -ee^^^^V^m,\^]^,\^X^x'')^ 
+ ^ee''[.|V^n|,fei„VA^A'=x" + ^ee^V^UcA^X^x'x 
+ ^^labcX^'x' + ee'^[.| V^^|,-]AU^' 
+ mipsax" + ee^-V^.mSaX'x" 



(3.3.11) 
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where Y"" was defined in H3.3.3|) and 

Pi = e^p^ - ^uJijkX^X'' + ^fliabX^x'' 

^ ^ ^ ^ (3.3.12) 

- -CijkX^X^ - -ruiabX^X^ - riijaX^x" - A 
The primary Hamiltonian is defined to be 

TCp=TCc + (piU" + 4)xaU^ + (t)eUe + <P^U^ (3.3.13) 

where the u are all Lagrange multipliers (and u*, u-^ , are anticommut- 
ing). 

We require that the constraints ()3.3.9() hold for all time, 

^^ = {(l)i,np} ^ </'xa = {0xa'^p}~O (3.3.14) 

</.e = {c/)e,Wp}«0 (/)v, = {0^,Wp} wO (3.3.15) 

Each condition either determines a multiplier or leads to a new constraint. 
We assume the canonical Poisson brackets 

{q^,Pu} = S^, (3.3.16) 

{X",vr^b} = -n (3.3.17) 

{X\Trj} = -S'j (3.3.18) 

{e,7re} = l (3.3.19) 

{^,7rv,} = -l (3.3.20) 

Imposing p.3.15p requires the secondary constraints 

ip, = \m,P'P' - IvabY^'Y' - jG,,abX'X^x''x' 

(3.3.21) 

+ me^V^s.A^x'^ + -e'^;,, V^m|,],,A^A^x"x' 
+ ^e'^[.|V^n|,fc]„AUU'=x'^ + ^e^V^WA^x"x'x^ 
if^ = X\Pi + ^Q.-fcA^A'^ + ^n^jaX^x") - ^labcX''x'x' - mSaX" (3-3.22) 
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In fact these are the charges of H, Q respectively. It can be checked that 
both of these are conserved over time, 

{^e,np}^0 {^^,np}^0 (3.3.23) 

so they give rise to no new constraints. 

The remaining conditions ()3.3.14() determine 

u' = erj'^iife, (pj} + i;v''W^,(t>j} (3-3.24) 
= -ev'^'^We, <Pxb} - i^v'^Wi^, <Pxb} (3-3.25) 

Observe that the constrained Hamiltonian TC^ can be written in terms 
of the secondary constraints 

He = v^eC + (/?^^ (3.3.26) 

EssentiaUy this is because ipe = {tTe, Wc} and ip^ = {iT^,7ic} and the Hamil- 
tonian TCc is linear in the gauge fields e and ip. 

3.4 Quantisation 

We observe that the constraints </>j and (p^a are both second class, whereas 



(pe (3.4.1) 

0V (3-4.2) 

ip[ = ip^ + Ij'-^ipe, (l)i}(t)j - Tf^i'fe, (Pxa]<t)xb (3.4.3) 

V'i, = 'f^l>+ V'H'Pip, 4>i}(pj - Tf^if^, 4>xa}4>xb (3.4.4) 

are all first class. Defining the Dirac bracket as 



{A, B}d = {A, B} + r,'^{A, ^^}{<^>j,B} - ^'lA, ^xa}Wxb, B} (3.4.5) 

then Poisson brackets between the primed constraints are weakly equal to 
Dirac brackets between the original unprimed constraints. 
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The extra terms on the right of (|3.4.5|1 give rise to new relations 

{A\A^}d=V^' (3.4.6) 
{x^X% = -ry'^' (3.4.7) 

We can check that the = 1 supersymmetry algebra is still obeyed, 

W^^ f'-^} - W4>^fi^}D = 2ipe^0 (3.4.8) 
and that all the brackets between secondary constraints vanish, 

{(pcV'e} ^ {(pe,Ve}D = {4>i, , ^'^} ^ {4>i, , ^i^} D = (3.4.9) 

We^f'e} - We,fe}D =0 {f'^, ip'^} ^ {ife, <f^} D = (3.4.10) 

The Hamiltonian can be written in terms of these first class constraints. 
From mm and ^TTM. 

Hp = ipeC + (p^plp + <l)eUe + (j)^pU^ (3.4.11) 

SO it is vanishing weakly, as is expected for a gravitational system. 

In Dirac's process of quantisation, fields become operators acting on 
some Hilbert space and second class constraints are imposed as operator 
conditions on the states. First class constraints generate unphysical degrees 
of freedom, so it is necessary to fix a gauge, 

e = 1 ip = (3.4.12) 

Moving over to the quantised system, Dirac brackets become (anti) com- 
mutation relations. One realisation of this algebra is using the standard 
Clifford algebra generators 

{y,y} = 2r/*^' = 277'^'' (3.4.13) 

If the dimension of the manifold is even, for example d = 4, then we have 
an element of the algebra, 7°''''^, satisfying (7'^"'"^)^ = —1 and {7'^"''^, 7*} = 
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so the following realisation exists, 

A* = 1 = ^7'^^^ ® 7" (3.4.14) 

V 2 V 2 

The 7"^+^ ensures that A* and x*^ anticommute. 

If the manifold M is not even dimensional then the following realisation 
may be used, 

V = 1 eg) 0-1 = ll0 7«<g)o-2 (3.4.15) 

where cjj are the Pauli spin matrices which satisfy {ai,aj} = 26ij. For the 
A^-extended case, see for example |58] . 

In the following we will assume that the dimension of is even and use 
the first realisation given. Then the second class constraints are imposed as 
conditions on physical states, 

Qlphys) = -ff|phys) = (3.4.16) 

where 

^ c^Jk{Y'' ® 1) - -^m,„,(y 7"') - -^n,,,(7^^7"+' ® 7^^) 



12^2"^^^' ^ ' 4^/2 ^ ' ' 4V2 

- i=A.(y 1) + -L^Uc(7'+' ^ l^'l - ^^'ah'"-' 7") (3.4.17) 
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H = \m,P'P' - IvabY'^Y' + ^R,^,i{f^^'^^ 1) + ^Gi.abiY' ® 7"') 
+ ® 1) - ^e^[.|V^m|,]„,(7^^' ^^') 

+ ie'^j^|V^yl|,](7*^' 1) + ^me'^,V^.,(y7"+' ® 7") 



(9 1 



— r'^ o I c- i 

2 dq^ + 24 24 



(3.4.18) 

The new terms which appear here include a Riemann tensor which vanishes 
classically because it is contracted with four fermions, and several terms 
involving a trace of the connection which arise because of the way we have 
chosen to order the equation. 

In (|,'-{.4.17|) and (|3.4.18j) we have defined as usual 

Pi= - e^,^ - \u;ijki7'' 55 1) - ^n^abil <S) 7"') 

- \cijk{l^^ ® 1) + \miab{l ® 7"^) - ^"iia(7'7'^^^ ^ 7") - Ai 

(3.4.19) 



and 



Ya = 2"^m6(f 7^ ®7'')-|nija(7''®l) + 4Uc(l®7 )-"iSa(l®l) (3.4.20) 
It can be checked that 



{Q,Q} = 2H (3.4.21) 

the familiar result that the square of the Dirac operator gives the Klein 
Gordon equation. 

Finally we note that it is not always the case that the system will have 
physical states. This is because manifolds exist for which the Dirac-like 
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operators do not have zero modes. However it is expected that most models 
will have a physical Hilbert space which is non-empty. 

To see this, consider the case where the supersymmetry charge is the 
Dirac operator y. Then 



where R is the Ricci scalar. A physical state satisfies = 0. Such a state 
cannot exist if i? > 0, because the following partial integration argument. 




(3.4.22) 




(3.4.23) 



Thus (— + |i?)V' 7^ and so ip cannot solve the Dirac equation, on the 
assumption that M is compact and without boundary. 



However solutions exist if R is negative or indefinite. 



Chapter 4 



Equivariant Cohomology 

4.1 Equivariant cohomology 

Equivariant cohomology arises when the sigma model manifold M admits 
a Lie group action with gauge group G. We shall see that it generalises 
the de Rham complex il*(M) to the complex 0*(M) which can be thought 
of as the space of gauge invariant forms generated by J7*(M), the gauge 
field A and field strength F, and therefore provides a natural framework 
for understanding the conditions needed in the gauging of forms, see for 
example j411l4Uj . In this chapter we will summarise some of the facts about 
equivariant cohomology that we shall use later. 

4.1.1 Definition 

Let M be a manifold which admits an action by a group G. The equivariant 
cohomology Hq of M is defined as the de Rham cohomology of Mq = 
{EG X M)/G where EG is the universal bundle over the classifying space 
of the group G, ie. 

H*a{M) = H*{MG) . (4.1.1) 
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If G acts freely on M, then 

EG^ Mg^ M/G (4.1.2) 

is a fibration. Since EG is contractible, it follows that 

H^iM) = H*{M/G) , (4.1.3) 

ie. the equivariant cohomology of M is identified with the standard coho- 
mology of M/G. 

In the other extreme, M is a point M = {p}, and we have Mq = BG 
where BG is the classifying space G ^ EG — > BG. Thus 

Hl.{M) = H*{BG) . (4.1.4) 

In general there are many ways to compute the equivariant cohomol- 
ogy. For example, one such method is the use of spectral sequences for the 
fibrations 

M ^ Mg ^ BG . (4.1.5) 

However for many applications a de Rham version of the equivariant coho- 
mology is needed. Such a method was proposed in (SHI using a model for the 
de Rham equivariant cohomology based on Weil's model of the cohomology 
of the universal classifying space 

G^EG^BG (4.1.6) 

First we will give a mathematical definition and then (more usefully) we will 
give a physicist's way of thinking about it. 

4.2 The Weil Model 

First we need to define the Weil algebra W^(0), which is used to capture the 
algebraic properties satisfied by the gauge field A and field strength F. Let 
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g be the Lie algebra of G. We define 

W{q) = A(s*) S{q*) (4.2.1) 

wliere A is the exterior algebra of the dual g* of g and S is the symmetric 
algebra. We attach degree 1 to the element a G g* in the exterior algebra 
and degree 2 the corresponding element in the symmetric algebra. 

Note that a and 6 can be thought of as generators obeying the same 
algebraic relations as the gauge field A and field strength F respectively. 
W{g) is a graded commutative algebra freely generated by the basis {a"", 0"" : 
a = 1 . . . dimg}. 

Next we define the following differential operator 

da" = r + -Tb^a^'a'' 

2 (4.2.2) 

where are the structure constants of g. Because of the Jacobi identities, 
we can show that = and that d defines a cohomology on the complex 
Ty(g). It can be shown that 

HI{W{q))=^ (4.2.3) 

The general proof is given in [3^]; in fact i?^(H^(g)) should be thought of 
as a model for the cohomology of EG. This is why it is trivial, but here we 
shall show this in some special cases only. For example, take G = T^. Then 
g = M^, and since is abelian, 

da" - r = (4.2.4) 
= (4.2.5) 

A degree zero element is clearly any constant c G M. Moreover, dc = 0. 
Thus H^{W{R'^)) = M. A general element of de gree 1 is u = fao"- dv = 
implies VaO'^ = and therefore Va = 0. This implies that v = 0, so we have 
H\W{R^)) = 0. 
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A general element of degree two is 



w 




(4.2.6) 



dw = implies that Wahda°'a^ + UadO^ = WabO°'a'^ = and this implies that 



Wab = 0. Therefore the closed elements are 



w = UaB" . 



(4.2.7) 



However these elements are exact because w = du when u = Uao"'- Therefore 
if2(l^(M^)) = 0, again. In general if"(W"(M^)) = for all n > 0. 

4.2.1 The cohomology of BG 

It is taken that H^{W{q)) models the cohomology of EG. Now a model 
should be constructed for the cohomology of BG. We should identify the 
elements of W{q) which are associated with the cohomology BG. Thinking 
about the fibration G ^ EG — > BG, the elements of EG which are forms 

associated with those that are pullbacks of BG should have two properties: 
(i) they should vanish when evaluated along the fibre directions and (ii) they 
should be invariant under the action of G. To model these two properties 
we define the inner derivation, 




= . 



(4.2.8) 



We can also define a Lie derivative in the usual way, 



Lad + dia . 



(4.2.9) 



Let Bq be all the elements of W{q) which have the property that 



iaCp = 



= 



(4.2.10) 



such elements are called basic. 
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To interpret this condition, we note that a gauge transformation can be 
defined on ordinary forms w G 0*(M) by 

5xw = dX^iaW + X'CaW . (4.2.11) 

With the definitions (|4.2.8j) . this formula extends to a and 6 as 

Sxa" = dA" - f\^\^a^ 



Sx9^ = -n^'o- 



(4.2.12) 

be' 



which are the famihar transformation laws for the gauge potential and field 
strength. Therefore (|4.2.1Up is equivalent to the condition for gauge invari- 
ance. 

It is easy to see that in fact Bq can be identified with the polynomials 
in ^(g*) which are invariant under the co-adjoint action of g on g*, ie. 

Bq ^ Inv05(g*) . (4.2.13) 

Moreover, in [22] it was shown that 

Bq ^ H*{BG) . (4.2.14) 

To illustrate these, consider the special case where G = as before. The 
co-adjoint action of g = on R*' is trivial because is abelian. Thus any 
(j) G VK(M^) satisfies the condition Catj) = 0. 

It remains to find the restrictions imposed by the other condition = 0. 
Any (j) can be written as 

fc>i (4.2.15) 

Now 

ia^ = kvaa,...a,.,b^...b,a''' ' ' ' a'^'^-'O''' • • • O'^ (4.2.16) 

k>l 
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and so LaCp = implies that Vai...akbi...bi = 0. Therefore ia(t> = implies that 



The result H4.2.14|) implies that the cohomology of BT^ is generated by 
9^, ... ,9^ as a polynomial, ie. 



H^{BT^) 


1 







H'^{BT^) 




H^{BT^) 





H^{BT^) 









(4.2.17) 



This can be confirmed by an independent calculation using, say, the spectral 
sequence of the fibration ^ ET^ — > BT^. 

This concludes the discussion of the Weil model for the cohomology of 
BG. 

4.3 Weil model for equivariant cohomology 

A model for the equivariant cohomology of M can be defined as follows. 
First we consider the complex 

n*{M)®W{Q). (4.3.1) 
For example, a degree one element of Vl*{M) ® W{q) is 

= rjdx* + raa" (4.3.2) 
where rj and are functions on M. A degree two element is 

4) = ^UijdxMx^' + Vaia'^dx' + ^^Wahoc^a^ + Ua9°' (4.3.3) 

and so on. 
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One can define the inner derivation with respect to an element of q by 
contracting G r2*(M) with the associated vector field on M and using the 
contractions H4.2.8|) defined in the Weil model. For example, for the degree 
two element above, we have 

ibc/) = ^b^'^ijdx^ + Vbidx' + Vaia"^,; + Wbaa"" (4.3.4) 

We define an exterior derivative d by a combinations of the exterior deriva- 
tive d of 0*(M) and that defined in the previous section on W^(0). Denote 
this exterior derivative by d. We can also define a Lie derivative as 

Ca = Lad + dia ■ (4.3.5) 

Now the forms of Mq in Q*{M) ® 1^(0) are those for which 

ia(t> = = , (4.3.6) 

ie. the basic (gauge invariant) forms, and we write 0*(M) for the space that 
they generate. 

Let us illustrate what this means for the case G = and degree 2. 
Since we have done the calculation of t^c/) above, we set = to find 

^b%+Vbj=0 (4.3.7) 

Va^^b' + Wba = . (4.3.8) 

Substituting into ()4.3.3() . 

cP = ^Vijdx'dx^ - ^a'vija'dx^ + ^VijCCb'a'a^ + UaO'' (4.3.9) 
= ^Vijidx' - 4'a'^)(dx^' - 4'a^) + tx.r . (4.3.10) 

The condition £^0 = implies that 

jO-ai^Vijdx'dx^) = £a{Vbidx') = CaWcd = ^aUb = (4.3.11) 
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where Ca is the usual Lie derivative on forms in 0,*{M). Thus a basic degree- 
two from is given by (|4.3.in|) provided that all the components are invariant 
under the action of on M. 

Similarly a basic degree-one form is given by 

Lo = nidx' - ^Ja") (4.3.12) 

where the one-form rjdx* satifies Ca{ridx^) = 0. 

The cohomology of Mq is given by H^{^}g{M)). It can be shown that 
under certain conditions, this is the equivariant cohomology, 

H^{ni{M)) = H*{Mg) . (4.3.13) 

To understand some of the elements that represent i7^(r2*(M)), let us find 
the closed form in r2*(M) of degree two for the case G = T^. Computing 
the exterior derivative of cj) in 1)4. 3. 9|) we get 

d(/) = ^ d{vijdx'-(ix^) = 

and iJ-Vij + djUa = (4.3.14) 

This form is exact if = duj where w is a basic form of degree one, so from 
(|4.3.12|) we obtain 

div = %r,](d:E^ - ea'a")(dx^' " C^') " r^C'^" (4-3.15) 
Thus (f) is exact if and only if the two-form ^Vijdx^dx^ is exact and Ua = 

4.3.1 Equivariant extensions 

Given a closed form v m. M which is invariant under the G-action, we say 
that V has an equivariant extension if there exists a closed basic form (j) G 
0*(M) satisfying 

V = (t)\a=Ofi=0 ■ (4.3.16) 
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Note that laV = is not a necessary condition for the existence of an equiv- 
ariant extension as we have seen. 



4.4 A physicist's approach to equivariant coho- 
mology 

As we shall see later, we need to construct the equivariant extensions of 
closed forms on a manifold M. Suppose that M has a G-action, with asso- 
ciated vector fields ^^di. 

Let r be a closed form and write r = ■^ri^...ij,dx*i A ... A dx^''. We 
introduce a connection A and gauge the form by performing a 'minimal' 
substitution da;* d.x* — ^^M". 

Thus we construct 

r = l^n,..,,{dx^^ + A ... A (dx*'= + 4^'= A") . (4.4.1) 

This form is invariant under gauge transformations, but we have lost the 
property that f is closed. To 'repair' this, we add an extra piece as follows, 

+ -^^^Ja^,..,,_,F'' A Vx'^ A ... A Vx'"-^ 
+ j^^ra,a,h...i,.,F''' A A Vx^i A ... A W"-' 
+ ... 

where Vx* = dx^ — ^^A"-. 

Gauge invariance of this form implies that 

^bfa\...aiii...ik / hai^ca2---aii\...ik 

+ cyclic in 0102 ... a;. 
Since r is gauge invariant, we can write dr = Vr and use V^x* = — 



(4.4.2) 



(4.4.3) 
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Now, if r is closed then Vr = which impUes that 

CaViji...j,_i + {k- iW\jir\a\j^...jk-,] = 

4V„,,,..,,_3 + {k- 3)V[,-,r|„;.|,,...,-,_3] = (4.4.4) 



and so on. These are the conditions for an equivariant extension. 
We shall apply these results to sigma models. 



Chapter 5 



New two dimensional gauge 
theories 

5.1 Two-dimensional gauged sigma models with 
Wess-Zumino term 

5.1.1 Geometric Data and Action 

To describe two-dimensional supcrsymmctric gauge theories coupled to 
sigma model matter with a Wess-Zumino term, it is instructive to begin 
with a non-supersymmetric system as a toy example. Let S be the two- 
dimensional Minkowski spacetime with light-cone coordinates (a;"^, x^). The 
fields of the model that we shall consider here are the following: a gauge 
potential A with gauge group G, sigma model matter fields (f) which are 
locally maps from H into a sigma model manifold or target space M and 
real fermions ^_ and A_|_ on H of opposite chirality. 

The couplings of two-dimensional gauged sigma model are described by 
a Riemannian metric g on M and the Wess-Zumino term which is a locally- 
defined two-form b on M; H = db is a globally defined closed three-form on 
M. In addition, the gauge group G acts on M leaving invariant both the 
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metric and the Wess-Zumino term, ie 

Cag = CaH = (5.1.1) 

where Ca is the Lie-derivative with respect to the vector fields {^a '■ o, = 
1, . . . , dimg} generated by the action of the gauge group G on M and q is 
the Lie algebra of G. Therefore, we have 

[U^by = fab%' , (5.1.2) 

where / are the structure constants of G; a,b,c = 1, . . . ,dim0 are gauge 
indices. The first condition in (|5.1.1|1 implies that are Killing vectors, ie 

^4aj+^jU = (5.1.3) 

where V is the Levi-Civita connection of g and i,j = 1, . . . ,dimM. The 
second condition in (|5.1.1j) together with dH = imply that iaH is closed 
and so 

^jHijk = 2dijWk]a (5.1.4) 

for some locally defined one- form Wa- 

A sigma model with rigid transformation symmetries can be thought of 
as a trivial principal G-bundle P = 3 x G. The sigma model fields (p are 
sections of an associated bundle P Xq M ^ 3, and since P is trivial, these 
are precisely the maps H ^ M. 

Promoting the gauge transformation parameters e"" to be local, ie. func- 
tions = e"(x) defined on H, then P becomes an arbitary G-bundle, 
P = P(H,G). The sigma model fields, which are sections of an associ- 
ated bundle, can be represented locally as maps (f) : 3 ^ M. The gauge 
potential A can be represented locally as the pull back of the connection 
one- form of P onto an open neighbourhood of S. 

To describe the couplings of the fermions, we consider two vector bundles 
E and F over M equipped with connections B and C and with fibre metrics h 
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and k, respectively. The fermions ip- and A4. can be thought of as sections 
of E and S+ F, respectively, where 5_ and S+ are spin bundles 
over H associated to the two inequivalent real representation of Spin{l, 1). 
Note that in two dimensions there are Majorana-Weyl fermions and so two 
inequivalent one-dimensional real spinor representations of ^^^^(l,!). In 
addition we shall assume that the connections B and C as well as the fibre 
metrics h and k are invariant under the action of the gauge group on M. 
These conditions imply that 

CaB,\ = -V,C//b (5.1.5) 

^chAB = -Ua^ AhcB - Uj^ BhAC , (5.1.6) 

where 

VifZ/s = + Bi'^cUa^B - Ua^cB^B , (5.1.7) 

and Ua are infinitesimal gauge transformations, A,B,C = 1, . . . , rankE', 
and similarly for the connection C and fibre metric k. The above conditions 
on the connection B have appeared in i59^. An action for the fields A, (p, 
il)- and A4. is 

S= jd\ {uabF^^F^^ + gi^Vj,(l)'V=^ - y ((/>)) 

+ jd^xdt{Hijkdt(i>'y^(t>'y=4>^ -Wiadtck'FlJ) (5.1.8) 

+ jd^x (ihABi^-V^i^^ - ikA'B'^+^=^+) 

where Uab = Uabi^P) are the gauge couplings which in general depend on cp, 
y is a scalar potential and 

F^= = [V^,V=] , (5.1.9) 

where we have suppressed gauged indices. The covariant derivatives in the 
action above are defined as follows, 

V^<P' = d^cP^ + A';,C (5.1.10) 
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and 

V^V'- = S^V'^ + V^cP'B^\i;^ + AlU^^Bil^'' , (5.1.11) 
/X = =j=, =, and similarly for VA^'. The latter can be rewritten as 

V^V- = 5^V'- + d^cP^B.^si^^ + A^i^/si;^ . (5.1.12) 

where 

fia^B = Ua^B + UB^^B ■ (5.1.13) 

Observe that the part of the action involving the Wess-Zumino term has 
been written as an integral over a three-dimensional space. The conditions 
for this term to be written in a two-dimensional form as well as the conditions 
for the gauge invariance of the action will be investigated in the next section, 
see also jSZl- 

5.1.2 Conditions for gauge invariance 

The gauge transformations of the fields are 

















_ ^aT. A' ^B 



(5.1.14) 



where e is the parameter of infinitesimal gauge transformations. Some of 
the conditions required for the invariance of the action (|5.1.8() have been 
incorporated as part of the geometric data of the sigma model in the previous 
section. In particular, in addition to the conditions (|5.1.1|) and (|5.1.5|) . we 
require that (i) Wa is a globally defined one-form on M which (ii) satisfies 

C-aWb = -fab^Wc . (5.1.15) 
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To write the Wess-Zumino part of the action in a two-dimensional form, 
it is necessary for the relevant three form to be closed. This in addition 
requires that 

Cwib+aw^a = 0. (5.1.16) 

Then the three-dimensional part of the action ()5. 1.8(1 can be written locally 
[HZI as 

J (5.1.17) 

+ AtWiaV^<P' + A%AliCWai) ■ 

The conditions above that require (i) H to be invariant under the group 
action, (ii) Wa to be globally defined on M, (iii) (j5.1.15j) and (iv) (|5.1.16|) are 
those for the closed form H to have an extension, i.e. equivariant extension 
[Sni, as a closed form in M Xq EG gUl EH. 

Next let us consider the conditions for gauge invariance of part of the 
action (j5.1.8j) involving the fermions. We find that this requires that 

CcUab + Udhfia + Uadfcb = (5.1.18) 

for the gauge couplings Uab, 

Cafib - [Ua, /^b] = -/afe'/^c (5.1.19) 

and 

CaV = . (5.1.20) 

We have not assumed that Vj/i = 0. However given a connection on a vector 
bundle with a fibre metric /i, there always exist another connection V' such 
that V-/i = 0. Suppose that the V' is used for the fermionic couplings. If 
this is the case, the gauge group is 0{N) and therefore the right-hand-side 
of (|5.1.6|) vanishes. 
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Observe that the equation H5.1.5|l can be written in a more covariant 
form as 



In what fohows we shah assume that the conditions stated in this section 
by requiring gauge invariance of the non-supersymmetric model described by 
the action (|5.1.8j) hold. We shall see that for supersymmetric sigma models 
more conditions are necessary. 

5.2 (1,0) supersymmetric gauge theory 

The (l,0)-supersymmetric gauged sigma model involves the coupling of three 
different (l,0)-multiplets. To simplify the construction of this model we shall 
describe each multiplet and the conditions for supersymmetry and gauge 
invariance separately. There are different ways of approaching this problem. 
Here we shall use 'standard' (l,0)-superfields. The action will be constructed 
using (l,0)-superspace methods. 

5.2.1 The gauge multiplet 

The (l,0)-superspace H^'*^ has coordinates {x^,x^,6~^), where {x^,x^) are 
bosonic light-cone coordinates and 6^ is a Grassmann odd-coordinate. The 
(l,0)-supersymmetric Yang-Mills multiplet with gauge group G is described 
by a connection A in superspace which has components {Aj^, A=, A^). In 
addition, it is required that these satisfy the supersymmetry constraints [HE] 



^a'^ii B — 




(5.1.21) 



[V+,V+] =2iV^ 



[V+,V=] = W. 



(5.2.1) 



where Fjp=, W- are the components of the curvature of the superspace 
connection A. (The gauge indices have been suppressed.) Jacobi identities 
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imply that 

V+W- = iF^= (5.2.2) 
Therefore the independent components of the gauge multiplet are 

X^ = t^-|,+=o Fl^ = -i'^+W%+^^ (5.2.3) 

where X- is the gaugino and F"" is the two-form gauge field strength. 

5.2.2 Sigma model multiplets 

To describe the sigma model multiplet that couples to the above gauge field, 
we introduce a Riemannian manifold M with metric g and a locally defined 
two form b. In addition we assume that M admits a vector bundle E with 
fibre metric /i, connection B and a section s. The data required for the 
description of the sigma model multiplet are the same as those given in 
section 15. 1.1 1 In addition we take the section s to satisfy 

CaSA = -Ua^ASB ■ (5.2.4) 

The (1, 0)-supersymmetric sigma model multiplet is described by a real 
scalar superfield (p and a fermionic superfield ip^. The superfield (p is a map 
from the superspace H^'*^ into a sigma model manifold M and the fermionic 
superfield ip- is a section of the bundle (p*E (gi 5_; 5_ is a spin bundle over 

The components of the superfields (p, tp- are 

(p' = (p'\e+=o AV = V+(/)*|e+=o 

^^ = tp%+^^ £^ = V+V-le+=o , (5.2.5) 

where the covariant derivatives are defined as 

V+cP^ = D+cP' + Aiea 

V+V- = D+^^ + V+<A^i?,^^V- + A^U.^i,^ , (5.2.6) 
where -0+ is the usual fiat superspace derivative, D\ = id^. 
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5.2.3 Supersymmetric action 

It is straightforward to couple the gauge multiplet to (1, 0)-supersymmetric 
sigma model matter. The full action is 

S = Sg + S^ + Sf + Sp (5.2.7) 

where 

Sg = - jd?xde+ {uahWlV+W^_ - izaWl) , (5.2.8) 

where Uab = Uab{(f) and Uab is not necessarily symmetric in the gauge indices 
and Za is a 0-type of term which may depend on the scalar field 0. 
The gauge covariant supersymmetric action for the fields (j) is j38j 



- i jd\dm+ {H,jkdtc^'V+(l)^V=cp'' - Wiadt(t>'Wl) 



(5.2. 



which as in section [5.1.11 can also be written as an integral over r}'^ super- 
space provided that H admits an equivariant extension. In particular we 
have 



- Alwiad=(P' + AtwiaD+(l)' + AlAtq,w,]i) . 

(5.2.10) 

The action of the gauged fermionic multiplet is |59j 

Sf = j(fxde+hABi^^y+il^^ ■ (5.2.11) 

The definition of the covariant derivative V+ is similar to the one given in 
section (|5.1.H) for the covariant derivative V=)=. 
The action for the potential term is 



Sp = Jd'^xde+msA'^^ (5.2.12) 
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which is similar to that of the ungauged model in |25j . 
The superfields transform under the gauge group G as 

6A^ = -V^e'^ 6<t>' = e'^Cji'P) ^4'- = e^^a^sV'- • (5.2.13) 

where ^ = =|=, =, + is a r}'^ superspace index and is an infinitesimal gauge 
transformation parameter. Gauge invariance of the action (|5.2.7() requires, 
in addition to the conditions given in section (|5.1.2|) . the condition (|5.2.4j) 
and 

CaZb = -fab'Zc . (5.2.14) 

5.2.4 The action of (l,0)-model in components and scalar 
potential 

The action of (l,0)-supersymmetric two-dimensional gauged sigma model 
described by the action ()5.2.7() can be easily written in components by per- 
forming the integration and using the definition of the various component 
fields of the (l,0)-multiplets which we have described in the previous sec- 
tions. In particular we find for the part of the action involving the kinetic 
term of the gauge multiplet that 

Sg= [d^x{uabF^=Fl^ + ZaF^^ 

J (5.2.15) 

Next we find that 

S„ = jd?x {gijV j^(t>'V =<^ + hijd^(t)'d=(tP + iAVvL+^A^+ 

+ mi„AVx- - A%w,ad=<p' + Atw^ad^^' (^-^-le) 

where V^^^ are the usual metric connections with torsion ibi7 and V^^^ are 
the associated connections involving also the gauge connection A. For the 
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fermionic multiplet we have 



^^i'^Xixi) (5.2.17) 



and 



Sp= d^x{ViSAXX + ^Ai^) 



(5.2.18) 



The scalar potential in these models is precisely that of the ungauged 
(1,0) sigma models in |25j . ie. 



So we find that only 'F-terms' contribute to the potential. This is because 
the gauge multiplet does not have a auxiliary field. Therefore the classical 
vacua of the theory are the points of the sigma model manifold M for which 
the section s vanishes. If there is such a point, then s will vanish at the 
orbit of the gauge group G in M which contains that point. This is because 
the section s is invariant under the action of the gauge group. So in general 
the theory will not have isolated vacua unless they are fixed points of the 
group action of G on M. 

5.3 (2,0) super symmetry 
5.3.1 The gauge multiplet 

The (2,0) superspace H^'" has coordinates {x^,x^,d^,d^) where {x^,x^) 
are the usual light-cone coordinates and {6^ : p = 0,1} are anticommuting 
coordinates. The (2,0)-supersymmetric Yang-Mills multiplet is described by 
a connection A in H^'*^ superspace with components (^=1=, A=,Ap^), p = 0,1. 
In addition it is required that these satisfy the supersymmetry constraints 



[Vp+, V,+] = 2i6pgV^ [V^, V=] = [Vp+, V=] = Wp. , (5.3.1) 




(5.2.19) 



m 
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where p,q = 0,1. Jacobi identities imply that 

Vp+Wg- + Vg+Wp^ = 2iSpgF^= (5.3.2) 

The components of the gauge multiplet are 

Xo- = 1^0-1 xi- = Wi^\ 

iF+= = Vo+VFo-l / = Vo+VFi-l . (5.3.3) 

The components, {xo~iXi~)j the gaugini which are real chiral fermions 
in two dimensions, -^4== is the field strength and / is an auxiliary field. (We 
have suppressed the gauge indices.) 

5.3.2 The sigma model multiplet 

We recall that the target manifold M of a (2,0)-supersymmetric ungauged 
sigma model is a Kahler manifold with torsion (KT). Therefore M is a 
hermitian manifold with metric g and equipped with a complex structure J 
which is parallel with respect to the V^"*"^ connection. (For the definition of 
these geometries see (^01 ) . To gauge the model, we assume as in section 
I5.1.1l that the gauge group G acts on M and leaving invariant the metric g 
and the Wess-Zumino term H. In addition we require that the action of the 
group G is holomorphic. This means that 

£aJ = , (5.3.4) 

where the Lie derivative is along vector fields generating the group action 
of G. The sigma model fields are maps (p '■ ^'^'^ ~^ ^ iiito a complex 
manifold M which in addition satisfy 

Vi+(/>'^ = fjVo+(t^ , (5.3.5) 

where = Dpj^cjf + A'^j^S,^. Note that the requirement for M to be a 

complex manifold can be derived from the above condition. 



CHAPTER 5. NEW TWO DIMENSIONAL GAUGE THEORIES 



72 



The components of the sigma model multiplet (f) are as follows, 

</'' = 0i X\=Vo+^'\. (5.3.6) 

5.3.3 The fermionic multiplet 

Let E he a vector bundle over M equipped with a connection B and a fibre 
(almost) complex structure /. The fermionic multiplet is a section of 
(j)*E® S- over the H^''', where S- is a spin bundle over H^'*^. In addition we 
require that the fermionic multiplet ip- satisfies 

= I^B^o+^^ + \rnL^ (5.3.7) 

where L is a section of E and 

Vp+^^ = D.,+^^ + Vp+<p'Bi'^Bi^- + A^^Ua^B , (5.3.8) 

for p = 0,1. 

Compatibility of the condition 1)5.3. 7|) with gauge transformations re- 
quires that 

C-al^B = Ua^cl'~^ B — I^cUa'~^ B 

(5.3.9) 

CaL^ = Ua^BL^ ■ 

These are the conditions for the gauge transformations and the (2,0)- 
supersymmetry transformations to commute. 

The compatibility of this constraint with the algebra of covariant deriva- 
tives V implies the following conditions: 

GA jk jl ^ 
kl B'J u'J j — ^ij B 

J^VfcL^-/^BV,L^ = (5.3.10) 

J^Vkl^B - I^c^il^B = . 

These are precisely the conditions required for the off-shell closure of (2,0) 
supersymmetry algebra. 
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It is always possible to find a connection B on the bundle E such that 
V/ = 0. In such case the last condition in (|5.3.in|) is satisfied. Decomposing 
E<^CssE(S'C- = £(B£ using /, the first condition implies that f is a 
holomorphic vector bundle. Then the second condition in (|5.3.1U() implies 
that the section L is the real part of a holomorphic section of £. 

The components of the fermionic multiplet are as follows: 

-0- = -0-1 =Vo+V'-l , (5.3.11) 

where ip- is a two-dimensional real chiral fermion and i is an auxiliary field. 

5.3.4 Action 

The action of the (2,0)-supersymmetric gauged sigma model can be written 
as 

S = Sg + S^ + Sf , (5.3.12) 

where Sg is the action of the gauge multiplet, Sa is the action of the sigma- 
model multiplet and 5"/ is the action of the fermionic multiplet. We shall 
describe each term separately. 

5.3.5 The gauge multiplet action 

The most general action for the (2,0)-supersymmetric gauge multiplet up to 
terms quadratic in the field strength is 

Sg = ld^xdd+ {-ul,6Pm^_Vo+Wl + uldPm^_V,+Wl + izPW;_) , 

(5.3.13) 

where and are the gauge coupling constants which in general depend 
on the superfield (/> and similarly for the theta terms z^. Both and 
are not necessarily symmetric in the gauge indices. The above action can 
be written in different ways. However there are always field and coupling 
constant redefinitions which can bring the action to the above form. 
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Observe that this action is not an integral over the full H^'*^ superspace. 
Therefore it is not manifestly (2,0)-supersymmetric. The requirement of 
invariance under (2,0) supersymmetry imposes the conditions 

(5.3.14) 

This is most easily seen by verifying that the Lagrangian density is inde- 
pendent of 9'1 up to x^, j;^-surface terms. The conditions (|5.3.14j) are 
the Cauchy-Riemann equations which imply that + iv} and + iz^ are 
holomorphic. 

Indeed provided that the holomorphicity conditions (|5.3.14|) hold, the 
action 1)5.3. 13() apart from the theta terms can be written as an integral over 
the r?'^ superspace as 

5^ = fd'xde+det {au'i.WS.Wl + {a- l)ul,Wo^^Wl 

(5.3.15) 

- au\,W^_Wt + (« - l)ul,W^_Wt) 

for any constant a. After integrating over the odd coordinate 9^ we recover 
the action ()5.3.13)) . Observe that the action ()5.3.15j) simplifies if one takes 
,v} to be symmetric matrices. In particular one finds that 

Sg = jd^xde-^de^u^^^WS_W\_ . (5.3.16) 

Invariance of the action 1)5.3. 13|) under gauge transformations requires 
that the couplings u*^, v} and z'p satisfy 



(5.3.17) 



The gauge transformations of the gauge multiplet and the sigma model 
multiplet that are required to derive the above result are as in the (1,0)- 
supersymmetric models studied in the previous sections. 



r 7/0 - 


~f abUgf, 


f 7,0 

J ac "be 


^aUbc = 


~f abUf,(, 


~ / ac^be 


'-o-Zf) — 


~f abZc ■ 
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5.3.6 The sigma model action 

The part of the action which describes the couphng of the sigma model 
(2,0)-multiplet to the gauge multiplet has already been given in [HHl- This 
action is 

(5.3.18) 

- i d^xdtde+ {Hijkdt(t>'Vo+(^V=(t>'' - Wiadt(l)'WS_) 
where Va is a function on Af , possibly locally defined, given by 

l\{iaj+Waj) = -diUa (5.3.19) 

Under certain conditions [IH] the maps u can be thought of as the moment 
maps of KT geometry. 

Gauge invariance of the above part of action requires in addition to the 
conditions on which we have already mentioned in section 15. 1.21 that Va 
is globally defined on M and that 

Ca^b = -fab'^c . (5.3.20) 

5.3.7 The action of the fermionic multiplet 

This part of the action is 

Sf = jd^xde^ [hAB^^^Q+i^- + msA^-) (5.3.21) 

Gauge invariance of this part of the action requires the same conditions 
as those appearing for the couplings of (l,0)-multiplet in ()5.1.19|) . 

The conditions required by (2,0)-supersymmetry on the couplings of the 
above action are the same as those of the ungauged model and have been 
given in ^8^. These can be easily derived by requiring that the Lagrangian 
density is independent from 9^ up to x^, j;^, 9q surface terms. In particular, 
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we find that 

hcBl^A + hcAl^B = 

Jh^jhAB + VihAcI^B = 

^ (5.3.22) 

J^iVjSA - V^isBl'^A) - -VihABL^ = 

saL^ = const . 

The first condition implies that the fibre metric is hermitian with respect 
to the fibre complex structure. It is always possible to choose such a fibre 
metric given a fibre complex structure on a bundle vector bundle E. In the 
context of sigma models this has been explained in |44j . The rest of the 
conditions can be considerably simplified if the connection B is chosen such 
that VI = V/i = 0. Such connection always exists on a hermitian vector 
bundle E. In such case, the third equation in ()5.3.22() implies that s is the 
real part of a holomorphic section of £* . 

5.3.8 The action in components 

It is straightforward to write the action S of the (2,0)-supersymmetric gauge 
sigma model in components. In particular we find that the component action 
of the gauge multiplet ()5.3.13() is 

- 2iul,^F^^f + 2^n;,,]xfo_V^x?]_ ^^ ^ ^g) 

+ X\d,uU-X^o-f'' + ix1-Fi=)) ■ 
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The component action of the sigma model part is 

and the component action of the fermionic multiplet is 

- ^hABtp-'ip-XXXiGijAB + mViSAXXi^- + msAi^) ■ 

(5.3.25) 

Ehminating the auxihary fields of the gauge and fermionic multiplets, we 
find that 

+ igijX\V^+hi - ihAB^^V+iP^ + 

- ^m^h^^SASB - \u^\i^a - zl){ub - zl) 

- \hABip-i^-)^+)^+GijAB + mViSAAVV-- 



1. 

\a Ab 



- A%Wiad=4^' + Atwiad^<t>' - A%AU^^'Wa]i 

+ idizly^xl_+idizl>^^Xi- 

- z5,nO,AVxS-4= + idiul.X^xl-Fl^ 

- idiUaXXXi- + igij^ixo-U + iwiaXXXo- 

- \ufi^^ulx^- + ^,ul,xUi^^u'dbXt + d,ul,xi-)KK 

- iu^^^f^UdAbXi- + dA,xt)K 

(5.3.26) 
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where Uq is the matrix inverse of u^ab)' 

<Sbc) = ■ (5.3.27) 
Note that we have assumed that is invertible. 

5.3.9 Scalar potential and classical vacua 

The scalar potential of the (2,0)-supersymmetric gauge theories coupled to 
sigma model matter is is 

V = ^ul\ya - zl){vb - zl) + ^mh^^SASB ■ (5.3.28) 

The scalar potential in these models is written as a sum of a 'I?' and an 'F' 
term. The classical super symmetric vacua of the theory are those for which 

u^-zl = SA = . (5.3.29) 

The inequivalent classical vacua are the space of orbits of the gauge group 
on the zero set of the section s and u — z^. If the section s and vanish, 
then the space of inequivalent vacua is the KT reduction M/ /G of the sigma 
model target space M. It has been shown in [ISj that the space of vacua 
inherits the KT structure of the sigma model manifold M and under certain 
assumptions is a smooth manifold. However the three-form of the Wess- 
Zumino term on M/ /G is not necessarily closed. 

5.4 (4, 0) super symmetry 
5.4.1 The gauge multiplet 

The (4,0) superspace H^'" has coordinates {x^,x^,0^), where 9^, p = 
0,1,2,3, are the odd coordinates. The (4,0)-supersymmetric Yang-Mills 
multiplet is described by a connection A in superspace with components 
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(^^l^, A=, Ap^), p = 0,1, 2, 3. In addition it is required that these satisfy the 
supersymmetry constraints |38j 

[Vp+, Vg+] = 2iSpqVjp 

(5.4.1) 

[Vp+,V=] = Wp. 

where p,q,p'q' = 0, ... ,3 and p / g in the last condition. (We have sup- 
pressed gauge indices.) Jacobi identities imply that 

Vp+Wq- + Vq+Wp- = 2i6pqF^= (5.4.2) 

The components of the gauge multiplet are 

Xp- = Wp-\ iF^= = Vo+Wo^\ 

fr = Vo+Wr-\ (r = l,2,3) (5.4.3) 

The first four fields, (xp- • P = 0, 1, 2, 3), are the gaugini which are real chiral 
fermions in two dimensions, Fjp= is the field strength and {fr : r = 1,2,3} 
are the auxiliary fields. 

5.4.2 The sigma model multiplet 

Let M be a hyper-Kahler manifold with torsion (HKT). This implies that 
M admits a hypercomplex structure {Jr : r = 1, 2, 3} the metric g on M is 
tri-hermitian and the hypercomplex structure is parallel with respect to a 
metric connection with as torsion the three-form H, V^^^ = 0; (see |f)()| ll9| 
for more details). In addition we assume that the gauge group G acts on M 
preserving the metric, three-form H and the hypercomplex structure. The 
latter condition implies that 



(5.4.4) 
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where the Lie derivative is along vector fields generated by the action of 
G on M. The sigma model fields are maps <p : H^'*^ — > M into the HKT 
manifold M which in addition satisfy 

Vr+(P' = Jr'jVo+^ , (5.4.5) 

where Vp+4> = Dp+cj)^ + Ap+^a — 1)2,3. We remark that the algebra 

of (4,0) supersymmetry transformations closes as a consequence of the HKT 
condition we imposed on M. 

The components of the sigma model multiplet are as follows, 

^' = (t>'\ X\=Vo+4>'\. (5.4.6) 

5.4.3 The fermionic multiplet 

Let be a vector bundle over M equipped with a connection B and a fibre 
almost hypercomplex structure {Ir ■ r = 1,2,3}. The fermionic multiplet 
■0- is a section of (j)*E S- over the H^'*^, where 5_ is a spin bundle over 
H^'^. In addition the fermionic multiplet ip- satisfies 

V.+V'f = I/bVo+V^:^ + ^rnL^ (5.4.7) 

where {Lr : r = 1, 2, 3} are sections of E and 

Vp+^^ = Dp+tlj^ + Vp+4>'Bi'^B^- + Al+Ua'^B , (5.4.8) 

j) = 0, 1,2,3. 

Compatibility of the condition 1)5.4. 7|) with gauge transformations re- 
quires that 

(5.4.9) 

These are the conditions for the gauge transformations and the (2,0)- 
supersymmetry transformations to commute. 
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The conditions required for the dosure of the (4,0) supersymmetry alge- 
bra are similar to those found for the ungauged (4,0) model in |25[ I43j . Here 
to simplify the analysis, we shall in addition assume that the fibre hyper- 
complex structure is parallel with respect to V, ie VIr = 0. (See jll] for a 
discussion on the conditions required for the existence of such a connection 
V on the vector bundle E.) The more general case can be easily derived but 
we shall not use these results later. In the special case, we find that 

GA J k J I I A J k J I or A 

kl B'Jr i'Js j ~r ^kl B<Js i'Jr j — '^Ors^ij B 

(5.4.10) 

Jr^iVjLf + Js'iVjL^ - Ir^B^iL^ - h^B^iL^ = . 

The first condition implies that the curvature G of the vector bundle ii^ is a 
(l,l)-form with respect to all three complex structures Jr- Observe that the 
diagonal relation r = s implies all the rest. The diagonal part of the second 
condition implies that each section is a holomorphic section with respect 
to the pair ( J^, /r). 

The components of the fermionic multiplet are as follows: 

V'- = =Vo+V-l , (5.4.11) 

where V'- is a two-dimensional real chiral fermion and I is an auxiliary field. 

5.4.4 Action 

The action of the (4,0)-supersymmetric gauged sigma model can be written 
as 

S = Sg + S„ + Sf , (5.4.12) 

where Sg is the action of the gauge multiplet, is the action of the sigma- 
model multiplet and is the action of the fermionic multiplet. We shall 
describe each term separately. 
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5.4.5 The gauge multiplet action 

The most general action for the (4,0)-supersymmetric gauge multiplet up to 
terms quadratic in the field strength is 

3 



r=l 



(5.4.13) 

where {u^ : p = 0,1,2,3} and {z^ : p = 0,1,2,3} are the gauge coupling 
constants which in general depend on the superfield (j) and are not nec- 
essarily symmetric in the gauge indices. The above action can be written 
in different ways. However there are always field and coupling constant 
redefinitions which bring the action to the above form. 

Observe that this action is not an integral over the full H^''' superspace. 
Therefore it is not manifestly (4,0)-supersymmetry. Define Jq*^ = 5^^. The 
requirement of invariance the action 1)5.4. 13|) under (4,0) supersymmetry 
imposes the conditions 

JpA^Q = l^pq^'"' Jp'^ idjUg' {p + q) 

^ (5.4.14) 

and {u^ : r = 1, 2, 3} are symmetric in the gauge indices. In addition 



Jr'^idjZ — di 







1 , , . (5-4.15) 



^1 „i 



J 3 .g.-. — p-q' J ka 

P i^J^q — 2 i^k'^i 

The conditions 1)5.4.141) and (|5.4.15() imply that in fact {vP : p = 0, . . . , 3} 
and {z^ : p = 0, . . . , 3} are constant, i.e. independent from the sigma model 
superfield The above conditions are most easily derived by verifying that 
the Lagrangian density is independent of 9^ up to surface terms in x"^, 
and 9q. In addition gauge invariance requires that the coupling constants 
vP and z^ satisfy the condition 

/'afeuP^ + /"ac<rf = 

(5.4.16) 

fabZl = . 
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In particular u*" should be proportional to an invariant quadratic form on 
the Lie algebra of the gauge group G. If G semi-simple, the condition on 
implies that = 0. If G is abelian, then the above conditions are satisfied 
for any constants and z^. 

5.4.6 The sigma model multiplet action 

This part of the action has already been described in Here we shall 

summarise the some of results relevant to this chapter. The action of this 
multiplet is 

3 

r=l (5.4.17) 
- i jd^xdtde+ {Hijkdt(t>'^Q+(tPy=(t>'' - Wiadt4>'WS_) 

where Ua is a function on M, possibly locally defined, given by 

iJiiiaj + Waj) = -diVra (5.4.18) 

It has been shown in that under certain conditions u is the moment map 
of HKT geometry. 

The gauge transformations of the superfield (/> are 

5<P' = e-i:{(p) (5.4.19) 

Gauge invariance of the above action requires that the one-form w should 
satisfy the conditions mentioned in section 15.1.21 the moment maps should 
be globally defined on the sigma model target space M and 

CaVra = -fab'^rc ■ (5.4.20) 

5.4.7 The action of the fermionic multiplet 

This part of the action is 

Sf = jd^xde^ {hAB^-^Q+i^-+msA^^) (5.4.21) 
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Gauge invariance of this part of the action requires the same conditions 
as those appearing for the couphngs of (l,0)-multiplet in (|5.1.19|) . 

The conditions required by (4,0)-supersymmetry on the couphngs of the 
above action are the same as those of the ungauged model and have been 
given in |2S1- These can be easily derived by requiring that the Lagrangian 
density is independent from 9^ up to x^,x^, Oq surface terms. In particular, 
we find that 

hcslr A + hcAir B = 
JU^Mb + VihAcIrB = 

^ (5.4.22) 

saL^ = const . 

To derive the above conditions we have used that V/^ = as we have 
assumed in the construction of the fermionic multiplet. The first condition 
implies that the fibre metric is tri-hermitian. These conditions can be further 
simplified if the connection B is chosen such that V/i = 0. In such case, the 
third equation in (|5.4.22|) implies that s is the real part of three holomorphic 
sections of £* each with respect to the three doublets {Jr,Ir) of complex 
structures, ie s is triholomorphic. 

5.4.8 The action in components and scalar potential 

The part of the action of the theory involving the kinetic term of the gauge 
multiplets ()5.4.13() can be easily expanded in components as follows, 

r 
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To derive this we have used that {u^ : 0, . . . , 3} axe constant and {u^ : 1, 2, 3} 
symmetric in the gauge indices. 

The part of the action that contains the kinetic term and the Wess- 
Zumino term of the sigma model fields in components is as follows, 

(5.4.24) 

- A''^Wiad=<l>' + Atwiad+cP' - A%AU^;Wa]i) 

The part of the action that contains the kinetic term the fermionic multiplet 
in components is as follows: 

Sf = y"d'^ ( - ihAB^^^+^- + hAsi^i'' - \hAB^-4^-XixiGijAB 
+ mViSAA^V- + msAi^) 

(5.4.25) 

After eliminating the auxiliary fields of both the gauge multiplet and the 
fermionic multiplet, we find that the action of (4,0)-supersymmetric gauge 
theories coupled to sigma models is 

S9 + Sf = jd?x [ul^F^^F^^^-ihAB^^V^^^ 

+ 2i<a[o-V+x'i]_ + 2mi,xf2-V+X^]_ 
+ 2m2,xfo_V+X2]- + 2m^(,xfi_V+X3]- 
+ 2m3^xfo-V+X^]- + 2m^,xfi- V+x^]- ^^"'^•^^^ 

- ]^hABi'-i^->^+>^+GijAB + mViS^AVV'- 

- \uo'^{Vra - zDiVrb - 4) " ^rr?h^^SASB 

r 

+ z0f;= + ^5,z^AVx?-) 
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It is straightforward to write the action S of the (2,0)-supersymmetric gauge 
sigma model in components. In particular we find the fohowing: 

r 

- \hAB^-^^y+XiGijAB + mViSAy+^- 

- A%Wiad=(t)' + Atw^ad^(l>' - A%Ali^;Wa]^ 

r 

(5.4.27) 

5.4.9 Scalar Potential and Classical Vacua 

The scalar potential of the (4,0)-supersymmetric gauged sigma models is 

1 ^ 1 

^=lYl ^^''ral^rb + -mh^^SASB , (5.4.28) 
r=l 

where we have absorbed the constants into the definition of the moment 

maps Vra- The scalar potential in these models is written as a sum of a 
'D' and an 'F' term. The classical supersymmetric vacua of the theory are 
those for which 

Ura = SA = . (5.4.29) 

The inequivalent classical vacua are the space of orbits of the gauge group 
on the zero set of the section s and the HKT moment maps I'r ■ If the section 
s vanishes, then the space of inequivalent vacua is the theory is the HKT 
reduction AI/ /G of the sigma model target space M. It has been shown 
in |45j that under certain assumptions the space of vacua inherits the HKT 
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structure of the sigma model manifold M and it is a smooth space. However 
the three- form of the Wess-Zumino term on M//G is not necessarily closed. 

5.5 (1, 1) supersymmetry 
5.5.1 The gauge multiplet 

The (1,1) superspace E^'^ has coordinates {x^ ,6^ ,0^), where 9^ are 
Grassman valued odd coordinates. The (l,l)-supersymmetric Yang-Mills 
multiplet is described by a connection A in superspace with components 
(^=1= , A= , A^ , A_ ) . In addition it is required that these satisfy the super- 
symmetry constraints [SHI 

[V+,V+]=2iV^ [V_,V_] = 2iV= (5.5.1) 

(We have suppressed the gauge indices.) The Jacobi identities imply that 

[V+, V=] = iV-W V4=] = iV+W 

= V+V-W (5.5.2) 

We mention that the (l,l)-supersymmetric gauge multiplet can be con- 
structed from a scalar superfield. This allows for the possibility of non-linear 
couplings between the sigma model multiplet and the gauge multiplet. The 
components of the gauge multiplet are 

W = W\ = V+V-W\ 

X+ = ^+W\ X- = ^-W\ (5.5.3) 

The field, W, is a scalar, x+iX- gaugini which are real chiral fermions 
in two dimensions, and Fj^^ is the field strength. 
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5.5.2 The sigma model multiplet 

Let M be a Riemannian manifold with metric g and locally defined two- 
form b. We take the gauge group G to act on M with isometrics preserving 
the Wess-Zumino three-form H = db and generating the vector fields as 
in section 15.1.11 In addition we assume that the one-form w satisfies the 
conditions of section 15.1.21 

The sigma model (1,1) multiplet (p is a map from the (1,1) superspace 
H^'^ into the Riemannian manifold M. The components of (j) are as follows, 

X\ = V+0*| = V_0*| , (5.5.4) 

where = D^(f)^+A'i^S^l^ and similarly for V_. Observe that the first two 

components of (1,1) superfield (j) can be identified with the two components 
of a (1,0) superfield (j) while the latter two components can be identified 
with those of a (1,0) fermionic superfield The vector bundle associated 
with this fermionic multiplet is the tangent bundle of M. 

5.5.3 Action 

The action of the (l,l)-supersymmetric gauged sigma model can be written 
as sum of three terms, 

S = Sg + S„ + Sp , (5.5.5) 

where Sg is the action of the gauge multiplet, Sa is the action of the sigma- 
model multiplet and Sp is a potential term. We shall describe each term 
separately. 
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5.5.4 The gauge multiplet action 

An action of the (l,l)-supersymmetric gauge multiplet is most easily written 
in (1,1) superspace. In particular we have 



where Uab = Uab{(p), u is not necessarily symmetric in the gauge indices, 
Vab = Vabi't') ^-^d the theta term Za = Za{4>)- Of course this action is man- 
ifestly (l,l)-supersymmetric because it is an integral over full superspace. 
Gauge invariance imposes the additional conditions 



^aZb = —f abZd 

on the couplings u,v and z. 

The action ()5.5.6() can be easily expanded in components to find 



+ diUabF^^X\xt - diUabXixlF^= 

+ i^^Uab\\xlV=W'' + i^^UabX'_V^W''xt 

+ Uabf'cdXW^W - V,djUabX\XLxlx''- - d^Uab^xXX^- 

+ ^a6X+X- + VabWFl^ 

+ diVabX'^W'X^. - diVab\'-X\W'' 

+ )^^^JVab\\\lW''W'' + hiiVabeWW"" 

+ ZaFl^ + diZa\\x^^ - diZaXlxl 
+ tdiZaW^ + XXMV.djZaW) . 




f abUdc - r ac^bd 
f^abVdc — f^acVbd 



(5.5.7) 



(5.5.8) 
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5.5.5 The sigma model multiplet action and potential term 

A (l,l)-supersymmetric gauged sigma model action has been given in j38j . 
This action can be written as 

(5.5.9) 

+ d^xdtde+de~ {Hijkdt(t>'y -(t)'' - Wiadt(t)'Wl) 

This can be written without the t integration as 

Sa = jd^xde+dQ- {gijV +(t)'V -(jyi + hijD+cf)' D.tj)' 

- A\wiaD.4>' - A'^^WiaD+cj)^ + A'^A',^iwa]i) . 

(5.5.10) 

It is straightforward to add a potential term to the above actions as 

Sp = jd^xde+dQ-h (5.5.11) 

where h = h{(j)) is a function of the superfield 4>. Gauge invariance of the 
above action requires that w should satisfy the conditions stated in section 

Era 

5.5.6 A generalisation of the action 

The action of (l,l)-supersymmetric gauge theory presented above can be 
generalized by allowing the various couplings of the theory to depend on the 
scalar component of the gauge multiplet superfield. Supersymmetry then re- 
quires additional fermionic couplings. The new theory can be organised as a 
(l,l)-supersymmetric sigma model which has target space L = M x g, where 
g is the Lie algebra of the gauge group G. The various allowed couplings 
are restricted by two-dimensional Lorentz invariance, supersymmetry and 
gauge invariance as usual. The sigma model multiplet is maps Z = (0, W) 
from the (1,1) superspace r}'^ into L, where (f) is the usual (1,1) sigma model 
superfield and W is the (1,1) gauge theory multiplet. We again allow the 



CHAPTER 5. NEW TWO DIMENSIONAL GAUGE THEORIES 



91 



gauge group G to act on L with a group action on M and the adjoint action 
on Q. The vector fields generated by such a group action are 

= i^dA = m + W'fabdc (5.5.12) 

where A = {i,a), the component ^* is aUowed to depend on both (j) and 
W, and the partial derivative with the gauge index denotes differential with 
respect to W. 

Next we introduce a metric g and a Wess-Zumino term H on L and 
assume that the gauge group G acts on L with isometrics leaving the Wess- 
Zumino term H invariant. We also define w as i^^H = dwa, where is the 
new Killing vector field (|5.5.12j) . Then an action can be written for this new 
sigma model as 

= jd^xde+dQ- {gAB^+Z^V-Z^ + h) 

+ jd^xdtde+d0- [HABcdtZ^V+Z^V^Z^ - WBadtZ^Wl) 

(5.5.13) 

where /i is a function which depends on Z. This action is clearly super- 
symmetric because it is a full (1,1) superspace integral. Gauge invariance 
requires that w above satisfies all the conditions stated in section [5.1.21 but 
for the group action ()5.5.12l) and the Wess-Zumino term in L. In addition, 
it requires that 

Cah = (5.5.14) 
where the Lie derivative is with respect to the vector field (|5.5.12|) . 

5.5.7 Scalar Potential 

To compute the scalar potential we express the action in components and 
eliminate the auxiliary field of the sigma model superfield (j) from the action 
using the field equations. The scalar potential is 

V{W,^) = ^g'^dihdjh , (5.5.15) 
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where g^^ is the inverse of the restriction of the metric of L on M. Ob- 
serve that V depends on both the sigma model scalar (p and the gauge 
multiplet scalar W. The classical supersymmetric vacua of the theory are 
those values of {<j), W) for which dih = 0. For example, for the special 
(l,l)-supersymmetric model investigated in the beginning of the section, 
V = jg'^^{dih + diZaW"-){djh + djZfjW^), where in this case h = h{(j)). 

5.6 (2, 1) supersymmetry 
5.6.1 The gauge multiplet 

The (2,1) superspace H^'-"^ has coordinates (x"^, x^, 6*+, ^^), where {x^,x^) 
are the even and {6q, Of, 6~) are odd coordinates. The (2,l)-supersymmetric 
Yang- Mills multiplet is described by a connection A in superspace with com- 
ponents {Aj^, A=, Apj^, A^), p = 0, 1. In addition it is required that these 
satisfy the supersymmetry constraints [HHI 

[Vp+, Vq+] = 2i5pqV^ [V_, V_] = 2iV= . (5.6.1) 

We have suppressed the gauge indices. We remark that Wp are scalar su- 
perfields. The Jacobi identities imply that 

[Vp+, V=] = iV.Wp [V-, V^] = iVo+W^o 

^1= = Vo+V_VFo" Vi+Wi = Vo+Wo (5.6.2) 

Vi+Wo + Vo+Wi = . 

The two scalar superfields (WqjW^i) can be viewed as a map W from the 
(2,1) superspace r?'"^ into g M^, where q is the Lie algebra of the group 
G. Next introduce a complex structure / = Id e in g where e is the 
constant complex structure in with e*^! = —1. The last two conditions in 
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H5.6.1|l can be expressed as 

Vi+WP = ePgVo+W"^ . (5.6.3) 

In fact this implies that W is a covariantly chiral superfield, (Vi+ + 
iVo+){Wi+iWo) = 0. 

The components of the gauge superfields Wp are 

Wp = Wp\ = Vo+V_T^o| / = Vo+V_VFi| 

X0+ = Vo+VFol X1+ = Vo+VFil Xp- = y-Wp\ , (5.6.4) 

where Wp are scalars, Xp+ Xp- the gaugini which are real chiral 
fermions in two dimensions, -^4== is the field strength and / is a real auxil- 
iary field. As in the (l,l)-supersymmetric gauge theory, the gauge multiplet 
is determined by scalar superfields. This will lead again to non-linear inter- 
actions because the various couplings of the theory can depend on them. 

5.6.2 The sigma model multiplet 

Let M be a KT manifold with metric g and complex structure J. We in 
addition assume that the gauge group G acts on M with isometrics which 
furthermore preserve the complex structure J and the Wess-Zumino term H. 
These conditions are the same as in the case of (2,0)-supersymmetric model. 
The (2,1) sigma model superfield is a map from the (2,1) superspace H^'^ 
into the sigma model manifold M. In addition it is required that 

Vi+f^ = J'jVo+^ , (5.6.5) 

where Vp+(j)' = Dp+cp' + A'^j^Ca and ^ a are the vector fields on M generated 
by the group action. As we have seen, the (2,1) gauge multiplet satisfies 
the condition (|5.6.3j) similar to (|5.6.5|) . The superfield (p is also covariantly 
chiral, as can be seen by choosing complex coordinates on the sigma model 
manifold M. These results will be used later for the construction of actions 
of (2,l)-supersymmetric gauge theories coupled to sigma models. 
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The components of the sigma model multiplet (j) are as fohows: 

4>' = ^'\ ^ = Vo+V-./.^| 

X\. =Vo+</)'| Ai =V-(j)'\ , (5.6.6) 

where ^ is a scalar, A+ and A_ are real fermions, and £ is an auxiliary field. 

5.6.3 Action 

An action of a (2,l)-supersymmetric gauge theory coupled to sigma model 
matter can be written as 

S = Sg + Sa + Sp , (5.6.7) 

where Sg is the action of the gauge multiplet, is the action of the sigma- 
model multiplet and Sp contains the potential term. We shall describe each 
term separately. 

5.6.4 The gauge multiplet action 

An action for the (2,l)-supersymmetric gauge multiplet is 

Sg = fd^xde+de- ( - u^^SPiVo+w^V-W^ 

J (5.6.8) 

where u^, are the gauge coupling constants and are theta term type of 
couplings. All the couplings are allowed to depend on the superfield cf). We 
shall assume that both are symmetric in the gauge indices but this 

restriction can be lifted. 

Observe that this action is not an integral over the full S^'^ superspace. 
Therefore it is not manifestly (2,l)-supersymmetric. The requirement of 
invariance under (2,1) supersymmetry imposes the conditions 

(5.6.9) 
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Therefore the couphngs + iu^ and + iz^ are holomorphic. 
In addition gauge invariance of the action (|5.6.8|) imphes that 

(5.0. lUj 

5.6.5 The sigma model multiplet action and potential 

The action of the gauged (2,l)-supersymmetric sigma model with Wess- 
Zumino term has been given in [HHI- Here we shall summarise some of 
results relevant to this chapter. The action of this multiplet is 

S„ = [d^xd9+d9' {gi,Vo+(t>'^^4^ + UaW^) 

(5.6.11) 

+ d^xdtd9+d9- {Hijkdt4>'Vo+(l>>V^<p^ - Wiadt<P'Wl) 
This can be written without the t integration as 

Sa = jd^xd9+d9~ {gijV _(jy> + bijD+(f)'D^(l>> 

- A^WiaD^^' - A''_WiaD+^ + AtAX^i.Wa],) 

(5.6.12) 

The gauge transformations of (j) ai^e 6<j)'^ = e'^Ca* (</')• Gauge invariance of 
the above action requires that w should satisfy the conditions described in 
section 15.1.21 As in the case of (2,0)-supersymmetric gauged sigma model, 
u should satisfy Cai^t = ~fab'^^'^- ^^'^^ is a moment map associated with 
the action of the gauge group on the KT manifold M. 

The part of the action involving the potential is 

Sp = jd'^xde^d9- h , (5.6.13) 

where h = h{(f)) Invariance under (2,1) supersymmetry requires that 

dih = J^idkh^ (5.6.14) 

where = h^{4>). This implies that h is the real part of a holomorphic 
function on M. 
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The scalar potential of (2,l)-supersymmetric gauge theories coupled to 
sigma models described above is 

V = lu^'iua + zl){u, + zl) + \g'\d,h + d,zPW;){d,h + +djzPWp . 

(5.6.15) 

5.6.6 A generalisation 

As we have shown both the (2,1) gauge multiplet and the (2,1) sigma model 
multiplet are constructed from covariantly chiral scalar superfields, ie both 
satisfy the conditions (|5.6.5|1 and (|5.6.3|) . Because of this, these two super- 
fields can be combined to a single superfield Z = {Wq, Wi, (j)) which is a map 
from the (2, 1) superspace H^'^ into (g M?) x M. In addition we can take 
Z to satisfy a chirality condition which is the combination of (|5.6.3j) and 
()5.6.5I) . Next we can take the gauge group G to act on (g (g) M^) x M with 
the adjoint action in the first factor and a group action on M. The vector 
fields associated by such a group action are 

Ca = ^ra,W^^^+ed.. (5.6.16) 
p p 

Treating the (2,l)-supersymmetric gauge theory coupled to sigma model 
matter as a sigma model with superfield Z, which satisfies (|5.6.3|) and (|5.6.5|1 . 
we can write the action 

= jd?xd6+de- {gABVo+Z'^V^Z^ + u^W^ + h) 

+ Jd^xdtde+de- [HABcdtZ^Vo+Z^V-Z^ - WBadtZ^W^) 

(5.6.17) 

where now all the couplings are defined using the geometry of (g CgiM^) x M. 
Of course (2,l)-supersymmetric requires that (g^M^) x M is a KT manifold 
with respect to the complex structure (J, id ® e). In particular the metric 
and the rest of the couplings depend on the coordinates of (g ® M^) x M. 
The conditions for gauge invariance are easily determined from those of the 
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(2,l)-supersymmetric gauged sigma model. We remark that the couphngs 
of (|5.6.17|) can be arranged such that the 50(2) R-symmetry of the (2, 1)- 
supersymmetry algebra is broken. In particular the SO (2) rotation that 
rotate the Wp scalar components is not a symmetry of the action. However if 
one insists in preserving the R-symmetry, then the KT manifold (g^M?) x M 
should admit a SO (2) action preserving all the geometric data. 

5.7 (4, 1) supersymmetry 
5.7.1 The gauge multiplet 

The (4,1) superspace H^'-*^ has coordinates {x^ ,9^ ,9^), where (x'^jX^) 
are the even and {9~ , 0:^,p = 0, . . . , 3} are the odd coordinates. The (4,1)- 
supersymmetric Yang-Mills multiplet is described by a connection A in H^'^ 
superspace with components {Aj^, A=, Ap^,A^) with p = 0, . . .3. In addi- 
tion it is required that these satisfy the supersymmetry constraints j38j 

[Vp+, Vg+] = 2i6pgV^ [V-, V_] = 2iV= (5.7.1) 

Vp+Wg = ep/'^'Vp,+Wg, . 

(We have suppressed all the gauge indices.) The Jacobi identities imply that 

[Vp+,V=]=iV-Wp 

F+= = Vo+^-WS (5.7.2) 
Vp+Wg + Vg+Wp = (p^q) 
Vo+Wo = Vi+T^i = V2+W2 = V3+VF3 

The (4,1) gauge multiplet is determined by four scalar superfields. Some 
of the conditions on these superfields given in (|5.7.1j) . like in the (2,1) model 
previously, can be expressed as conditions of a (4,1) sigma model multiplet. 
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For this view the four-scalar superfields Wp as maps from the superspace 
S'^'"'^ into Q M^, where g is the Lie algebra of the gauge group G. Then 
introduce three constant complex structures {Ir} in such that (/r)^s = ^rs 
and (IrYt = —^rst where r,s,t = 1,2,3. The conditions on Wp in ()5. 7.1(1 
and (|5.7.1|) can be expressed as 

Vr+W^ = Ir%Vo+W^ . (5.7.3) 

The components of the gauge multiplet are 

Wp = Wp\ = Vo+V-Wo\ 

Xp- = V^Wpl xp+ = Vo+T^p| (5.7.4) 

= Vo+V_W,| r = 1,2,3, 

where Wp are scalars, Xp+^Xp- ^-re the gaugini which are real chiral fermions 
in two dimensions, -^4== is the field strength and {fr ■ r = 1,2,3} are 
auxiliary fields. The 5'0(4) R-symmetry of the (4,l)-supersymmetric gauge 
theory rotates both the scalars and the fermions of the gauge multiplet. 

5.7.2 The sigma model multiplet 

Let M be a HKT manifold with metric g and hypercomplex structure 
{Jr;r = 1,2,3}. We in addition assume that the gauge group G acts on 
M with isometries which in addition preserve the hypercomplex structure 
Jr and the Wess-Zumino term H. These conditions are the same as in the 
case of (4,0)-supersymmetric model. The (4,1) sigma model superfield (p is 
a map from the (4,1) superspace S^'^ into the sigma model manifold M. In 
addition it is required that 

Vr+(P' = Jr'jVo+^ , (5.7.5) 

where Vp+(j)^ = Dp^cj)^ + Ap+^a and ^ are the vector fields on M generated 
by the group action. As we have seen the (4,1) gauge multiplet satisfies the 
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condition (|5.7.3|) similar to ()5.7.5() . These results will be used later for the 
construction of actions of (4,l)-supersymmetric gauge theories coupled to 
sigma models. 

The components of the sigma model (4,1) multiplet (p are as follows, 

X\ = Vo+0*| XI = V_(^*| , (5.7.6) 

where i;^ is a scalar, A+ and A_ are real fermions, and I is an auxiliary field. 

5.7.3 Action 

The action of a (4,l)-supersymmetric gauged theory coupled to sigma model 
matter can be written as 

S = Sg + S^ + Sp, (5.7.7) 

where Sg is the action of the gauge multiplet, Sa is the action of the sigma- 
model multiplet and Sp is the potential. We shall describe each term sepa- 
rately. 

5.7.4 The gauge multiplet action 

An action for the (4,l)-supersymmetric gauge multiplet is 

J (5.7.8) 

where {u^} = {u^,u'^} and are the gauge coupling constants and theta 
type of terms, respectively, which in general depend on the superfield cj). 
We shall assume that both vP are symmetric in the gauge indices but this 
restriction can be lifted. 

Observe that this action is not an integral over the full H^'^ superspace. 
Therefore it is not manifestly (4,l)-supersymmetric. The requirement of in- 
variance under (4,1) supersymmetry imposes the condition that and 
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are constant. This is similar to the condition that arises in (4,0) supersym- 
metric gauge theories. Gauge invariance of the action (|5.7.8|) in addition 
requires 

+ facUl, = ^^^^^ 
f'atz', = . 

Thus must be invariant quadratic forms on the Lie algebra of the group 
G and must be invariant elements of the Lie algebra. Of course = 0, 
if G is semi-simple. 

5.7.5 The sigma model multiplet action and the potential 

An action for the (4,1) sigma model multiplet coupled to gauge fields has 
been given in [HHl- Here we shall summarise the some of results relevant to 
this chapter. The action of this multiplet is 



+ jd^xdtde+de- {HijM'v -4)^ - wiadtck'wi) 



(5.7.10) 



The gauge transformations of (j) are 5(/>* = e'^^^j* ((/>). Gauge invariance of 
the above action requires that w should satisfy the conditions described in 
section [5.1.21 As in the case of (4,0)-supersymmetric gauged sigma model, 
u"^ should satisfy Ca^l = ~fab^^c- ^^^^ ^ moment map associated 
with the action of the gauge group G on the HKT manifold M. 

The part of the action involving the potential is 

Sp = jd'^xde^de- h , (5.7.11) 
where h = h{4>). Invariance under (4,1) supersymmetry requires that 



dih = J/idkK' (5.7.12) 

where = hJ'{(j)). This implies that h is the real part of three holomorphic 
functions on M, ie h is tri-holomorphic. 
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The scalar potential of (4,l)-supersymmetric gauge theories coupled to 
sigma models is 

1 ^ 1 

^ = i^S' E + -^g'^dihd.h , (5.7.13) 

where we have shifted the moment maps z/,. by a constant Zr- 
5.7.6 A generalisation 

As we have shown both the (4,1) gauge multiplet and the (4,1) sigma model 
multiplet are constructed from scalar superfields which satisfy the similar 
constraints (|5.7.3|) and (|5.7.5|) . Because of this, these two superfields can be 
combined to a single superfield Z = (W, (j)) which is a map from the (4, 1) 
superspace H^'^ into (g ® M^) x M. In addition we can take Z to satisfy a 
condition which is the combination of (|5.7.5j) and (|5.7.3j) . Next we can take 
the gauge group G to act on (g ® M^) x M with the adjoint action in the 
first factor and a group action on M. The vector fields associated by such 
a group action are 

^a = Y.r^bK^c+e^^. (5.7.14) 

Treating the (4,l)-supersymmetric gauge theory coupled to sigma model 
matter as a sigma model with superfield Z, which satisfies (|5.7.3|) and (|5.7.5j) . 
we can write the action 

= fd^xde+de- (5Ai?Vo+z^v_z^ + ^ <w,^ + h) 

r 

+ jd^xdtde+de- {HABcdtZ^Vo+Z^y-Z^ - WBadtZ^Wl) 

(5.7.15) 

where now all the couplings are defined using the geometry of (g (^M^) x M. 
Of course (4,l)-supersymmetry requires that {q®W^)xM is a HKT manifold 
with respect to the hypercomplex structure {Jr, Ir)- In particular the metric 
and the rest of the couplings depend on the coordinates of (g (8) M^) x M. 
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The conditions for gauge invariance are easily determined from those of the 
(4,l)-supersymmetric gauged sigma model. We remark that the couplings 
of H5.7.15|) can be arranged such that the S'0(4) R-symmetry of the (4, 1)- 
supersymmetry algebra is broken. In particular the 5*0 (4) rotation that 
rotates the Wp scalar components is not a symmetry of the action. However 
if one insists in preserving the R-symmetry, then the HKT manifold (3 
M^) X M should admit a 50(4) action preserving all the geometric data. 



5.8 Summary 

We now summarise the conditions given in this chapter. The conditions for 
the general case are 



^a9 = 





(5.! 


3.1) 


CaH = 





(5.! 


3.2) 






(5.! 


3.3) 


C-chAB = 


-Ua^AhcB - Ua^ BhAC 


(5.! 


3.4) 


C-aWb = 


-fab'^Wc 


(5.! 


3.5) 


Cwib + CbWia = 





(5.! 


3.6) 


Udbf^ca + Uadf^cb = 





(5.! 


3.7) 


CafJ'b - [Ua,fJ'b] = 


~fab^f^c 


(5.! 


3.8) 


CaV = 





(5.! 


3.9) 



The conditions in the cases of {p, 0) and {p, q) supersymmetry are given 
in the following tables. 
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Supersymmetry 


Multiplets 


Extra Constraints 


(1,0) 




[V+,V+] =2iV^ 






[V+,V=] = F^- 

I -\- ' J i 






[V+, V-] = W- 

L 1 ' — J 




pa 


CnSA = —U ^ aSB 






^a^b — fab 


(2,0) 


(</'%AV) 


[Vp+, Vq+] = 2i5pqV^ 










(xg-,x?-,j^;=,r) 


[Vp+,V=] =W^p_ 
























+A;+Ua^B 












^aL^ = Ua^BL^ 






A jk jl n ^ 
^kl B--' j ^ '^ij B 






jWkL^ - I^BV^L'' = 






J''^VkI'^B - I'^Cy^I^B = 
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Supersymmetry Multiplets Extra Constraints 

(4,0) {(j)\X\) [Vp+,V,+] =2z5p,V^ 

{^^/^) [V^,V=]=F^= 

(xo-,Xi-,X2-,X3-, [Vp+,V=] = Wp- 

C-alrB = Ua'^clr B " I^cUa'" B 

^aL^ = Ua^sLr 
Gkl^ sJr^iJs'^ j + Gkl^ bJs^ iJr^ j 
= 2SrsGij^ B 

-//sV.Lf - Is'^bV.L^ = 

Jp^tdjUq = \epqP''i' .Jp.3,djUq. {p ^ q) 

diUo = J^\djUi = J2\djU2 = Js^djUz 

J3.f}.2 — —^f 'P'^' 1 ,^ -BuZ > 
Up i^j^q — 2 P i^k-^q 

fabU^ac + facUl, = 

fabZP = 

^a^ra — /q5 ^rc 

hcBl? A + hcAlrB = 

JliVjhAB+y^^hAcIrB=0 

JlNjSA - y^{sBIrA) " ^V^hABL^ = 

saL^ = const 
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Supersymmetry 


Multiplets 




Extra Constraints 


(1,1) 






[V+,V-] = W 




\ ' /v -|- 7 /\, 7 ± - 


) 


[V±,V-] = F±_ 

L —J ^— 








[V+,V+] = 2zV^ 








[V_,V_] = 2iV= 








^a'^bc ~ / ab'^dc / ac^bd 








t^aVbc = -f^abVdc - f^acVbd 








t^aZb = -f^abZd 








Cah = 


(2,1) 












F^^,n 


[V+,V=] = F^= 
















[V_,V_] = 2iV= 
















J^i^A = -9iuib 
















^0,'^bc ~ ~f^o.b'i^dc ~ f^o-c'^bd 
















dih = J'^idkh^ 


(4,1) 


{4>\Xp+,X-,t) 




[Q_,Q_]+ = 2iP= 




{W^.X';-,X%,F^=, 




[Qp+, Qq+]+ = 2iSpqPjp 
















n6<e + nc<, = 








fabZ^d = 








dih = Jr^idkh"" 




(r = l,2,3) 




(p,(Z = 0,l,2,3) 



Chapter 6 

Vortices and Equivariant 
cohomology 

6.1 Introduction 

Vortices are the instantons of two-dimensional gauge theories coupled to 
sigma models. Bogomol'nyi type of bounds for both abelian [IH] and non- 
abelian vortices |491 l5Uj have been investigated in the context of linear sigma 
models. To describe them, it is instructive to begin with a toy example. 

Let H be the usual two-dimensional spacetime, which after a Wick ro- 
tation we can take to be Euclidean, H = with metric 6^'^. The sigma 
model fields are maps (j) : E ^ M to a sigma model manifold M, which in 
this introduction we take to be M = M^. xhe gauge group G acts on M 
with isometrics, for simplicity we take G to be abelian. 

The Yang-Mills-Higgs action is 

S = Jd^x [^6,,6^^''V^^'V,^ + If^'F^, + ^(02 _ 1)2) (6.1.1) 

where V^0* = d^ip^ + • 0* is ths usual covariant derivative, and cf^ = 
6ij(j)^(f)^ . The final term is the Higgs self-interaction term, and A > is 
constant. 
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This action admits finite action, solotonic configurations jEJ) these 
configurations are precsiely those that saturate the following bound, due to 
Bogomol'nyi [3H]. We rewrite H6.1.1|) as 

+ \{F,, T 6^,(1 - </.2))(F'^- T e^^'^il - <!?)) (6.1.2) 



+ 



where e is the alternating tensor. This expression is obtained by completing 
squares and cohecting the remaining terms together in the square brackets 
above. Finiteness of the action (|6.1.1j) requires that 

|(^| ^ 1, V(/>^0 asl^l^oo, (6.1.3) 

and with these boundary conditions, using a partial integration, the ac- 
tion (|6.1.2() may be rewritten as 

S = jd^x {Sijd^.ie^'PVpfp' ± e\V^<A'^)(e"'^V,0^' ± ^(p') 

+ \{F,. T 6^.(1 - <I?)){FP'^ T e'^'^il - <!?))) (6.1.4) 

± 2 fd^x Fi2 . 



The last term is a topological charge proportional to the first Chern charac- 
ter, which is an integer N (assuming sufficiently uniform limits in (|6.1.3j) ). 
N is also called the vortex number and solutions with > are called 
A^- vortex solutions. 

Because the other integrands are non-negative, we have that 

S>7r\N\ (6.1.5) 

because we may always choose the signs in (|6.1.4|) so that the topological 
charge is positive. For > 0, there is equality if and only if 

e^PVpcp' + e\V^cp'' = 

(6.1.6) 
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The appearance of the alternating tensor e*-^ suggests that we should consider 
M as a Kahler manifold, which implies that we should consider models 
with (2,0) super symmetry. We would also like to derive a bound for those 
gauge theories introduced in the previous chapter. This will be done in the 
remainder of the chapter. 

6.2 A bound for vortices in the (2,0) model 

In this section we shall establish bounds for vortices for non-linear sigma 
models considered in the previous chapter. For this we shall consider the 
Euclidean action of the (2,0)-supersymmetric gauged sigma model with- 
out Wess-Zumino term. The sigma model target space M is Kahler with 
metric g, complex structure J and associated Kahler form After a 

Wick rotation the two-dimensional spacetime is with the standard Eu- 
clidean metric. The relevant part of the bosonic Euclidean action of a (2,0)- 
supersymmetric gauge theory coupled to a sigma model is 

Se= [ d2x(i5.,5^'^V^</<^V.<^^ + Jn,,F;,F^^/'^^5-'' + ^n«^,z.b) . 

JM2 Z Z 4 

(6.2.1) 

Next we introduce / a constant complex structure on M? such that M? is a 
Kahler manifold. The associated Kahler form Qj is the volume form of M?. 
In such a case the Euclidean action (|6.2.1|) can be rewritten as 

+ ^gi^df^^ilP^Vpcp' T V^(^^J\){I\V„ctP T V./J-''^)] (6.2.2) 

where 0/ • F = {^i^F^y, = u'^^Ub, Uab = and u'^'^Ucb = S^b {uab = 
Uf^ah))- The above expression for the Euclidean action has been constructed 
from (|6.2.1|) by completing squares and collecting all the remaining terms 
which organise themselves in the last term of (|6.2.2|) . 
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The last term in H6.2.2|l is the topological charge, 

Q = [ u;j , (6.2.3) 

where the form 

toj = i^jhVcP' A Vcj)^ + i^aF" (6.2.4) 

is the equivariant extension of the Kdhler form Oj of the sigma model target 
space M, see section 14.3.11 That ujj is closed follows from dimensional 
grounds. In fact (|4.4.4|) easily generalises to show that ujj is closed as a 
two-form on any manifold N for any map from N into the sigma model 
manifold M and for any choice of connection A. 

The Euclidean action of the (2,0)-supersymmetric two-dimensional sigma 
model is bounded by the absolute value of the topological charge Q, 
Se ^ |Q|- This is because it is always possible to choose the signs in the 
Bogomol'nyi bound above such that the topological term is positive. If the 
topological charge is positive, then the bound is attained if 

Qj ■ F'' - u"" = 

(6.2.5) 

A V^(/.^' - V,<P'I\ = . 

In two-dimensions, the curvature F is a (l,l)-form. Choosing complex co- 
ordinates (z, z) on with respect to the complex structure /, it is always 
possible to arrange using a (complex) gauge transformation that Ag = 0. 
Choosing complex coordinates in the sigma model target space M as well, 
the second BPS condition becomes 'Vz4'°' = which means that the map (p 
is holomorphic from the spacetime M? into the sigma model manifold M. 

A special case of this bound arises for gauge theories couple to linear 
sigma models for which the sigma model manifold M = M?^ with the Eu- 
clidean metric and equipped with a constant compatible complex structure 
J. This case includes the Nielsen-Olesen vortices (For these, existence 
of a solution was shown in |^ and the moduli were studied in [HSj, [121 and 
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more recently in |63j . see also jM])- The case with a single complex scalar 
has been analysed in [3H1- Choosing complex coordinates {q"; a = 1, . . . ,n} 
in M^", we write 

ds2 = J2 dg"dg" 

(6.2.6) 

nj = -iY^ dg" A dg° . 

a 

Next consider the abelian group C/(l)-action — > e*'^"*^" which generates 
the holomorphic Killing vector fields 

a H H 

The moment map is (|5.3.19p 

i^ = -5^(QagV)-A, (6.2.8) 

where A is a (cosmological) constant. This is an example of a (2, 0)- 
supersymmetric gauged linear sigma model with gauge group U{1) of the 
type considered in The topological charge is 

Q = [ d2z(V(V,g"V,-g"-V,-g"V,g'^) + z.F,,-) (6.2.9) 

where V,(?° = + a.Q„g", V,g^ = O.g" - M,Q„(?°, V,-g° = (V,g")* 
and Vjg" = (Vz^")*, and F^j = dzAz —dzA^. To compare the bound above 
1)6. 2. 2|) with that of vortices in [35^ , we observe that after some integration 
by parts we have 

Q = [ cfz{ V(9,g"9,-g^ - 9,-g"9,g") - AF,,-) + surfaces (6.2.10) 

The first term in the above expression is the topological charge expected 
for the vortices (instantons) of ungauged two-dimensional sigma models. 
The same topological charge also appears in the kink solitons of three- 
dimensional non- linear sigma models [HSI • The last part in the above expres- 
sion involving the cosmological constant and the Maxwell field is the usual 
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degree of an abelian vortex. The relation between the topological charge Q 
in (|6.2.9|) and the degree of an abelian vortex involves integration by parts. 
Under certain boundary conditions the two topological charges are the same. 
However as we have shown, the bound that involves the equivariant exten- 
sion of the Kahler form generalizes in the context of gauge theories coupled 
to non-linear sigma models. 

6.3 A bound for vortices in the (4,0) model 

A bound similar to the one we have described in the previous section for the 
Euclidean action of (2,0)-supersymmetric gauged sigma model can also be 
found for the Euclidean action of (4,0)-supersymmetric gauged sigma model. 
The Euclidean action of the (4,0)-supersymmetric gauged sigma model with 
vanishing Wess-Zumino term is 



The sigma model target space is hyper-Kahler with metric g, hypercomplex 
structure {Jr : r = 1,2,3} and associated Kahler forms Qj^. After a Wick 
rotation the two-dimensional spacetime is with the standard Euclidean 
metric. Let I be a compatible constant complex structure such that M? is 
a Kahler manifold with associated Kahler form ^Ij. In the same ways as 
before, Euclidean action can be written as 




iR2 




r=l 



(6.3.1) 




r=l 




r=l 




3 



(6.3.2) 
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where {ur : r = 1, 2, 3} is a constant vector with length one, Ylr=ii'^r)'^ ~ 
Uab = = -Ufoa, K = W'^Vrc-, u'^'ucb = ^""b and 

wj. = {^Jr)ij^(t>' A V4>^ + i^aF" (6.3.3) 

is the equivariant extension of the Kahler form 17 j^. 

The strictest bound is attained whenever the unit vector {ar : r = 1, 2, 3} 
is parallel to the vector of the topological charges {Q,. : r = 1, 2, 3}, where 

Qr= [ ^Jr (6.3.4) 

and the sign is chosen such that the topological term in the bound is positive. 
If the inner product of {a-r : r = 1,2,3} and {Qr : r = 1,2,3} in 1)6. 3. 2() is 
positive, we have that 

Se > ^JqI + QI + QI . (6.3.5) 
This bound is attained whenever 

(6.3.6) 

J,^^V^4P - arVu<p'l\ = . 

Using a rotation in the space of three complex structures, we can arrange 
such that ai = 1 and 02 = 03 = 0. In such case, the last equation in (|6.3.6p 
implies that 

Vf^cj)' = . (6.3.7) 

This in turn gives 

F^^C = (6.3.8) 

Therefore either (p takes values in the fixed point set Mf of the group action 
of G in M or the curvature F of the connection A vanishes. In the latter 
case, the first equation in (|6.3.6j) implies that Ur = and these are the 
vacua of the theory. If these are no non-trivial flat connections and Mj D 
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h'i^{0)r]i'2^{0)r]u^^{0) = 0, then the space of solutions is the hyper-Kahler 
reduction M/ /G of M and it is a hyper-Kahler manifold. On the other hand 
if (p takes values in Mf, then the second equation in ()6.3.6() implies that (p 
is constant. Substituting this in the first equation in 1)6. 3. 6() implies that (p 
IS m Mf n 1^2^(0) n z^g^^O). In addition we have that 

Qi ■ F"" - ly'^ = . (6.3.9) 

This is the Hermitian-Einstein equation in two dimensions. 

The first condition in (|6.3.6() implies that the curvature is a (l,l)-form. 
Choosing complex coordinates (z, z) on the two-dimensional spacetime as- 
sociated with the complex structure /, it is always possible to arrange using 
a gauge transformation such that Ag = 0. Choosing complex coordinates in 
the sigma model target space M as well, it is easy to see that the second 
BPS condition implies that the map (p is holomorphic from the spacetime 
into the sigma model manifold M. 

6.4 Kahler manifolds and non-abelian vortices 

The bounds that we have described in the previous sections can be gener- 
alized as follows. Consider two Kahler manifolds (A^, h, I) and (Af , g, J) of 
dimensions 2k and 2n, and Kahler forms 0/ and respectively. Next al- 
low M to admit a holomorphic G-action with associated killing vector fields 
^ and moment map ly. In our conventions igilj = —di/. Next consider the 
functional 

Se = |^dvol(iV)(i|V0p + l|F|2 + l|^p) , (6.4.1) 

where |V0|2 = gijh'^'^V^cp'V,^ , V^cp' = d^cp'+A'^Cl \F\^ = UabF^^F^p^h'^Ph' 
= u"'^Va^b and ti is a fibre inner product on the gauge bundle which we 
can set Uab = ^ab- 
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The functional Se can be rewritten as follows: 

Se= [ dvo\{N) [hni -Ft 1^1^ + |i^''T + ]\i'^<P t J'^<P\^] 

' 1 / (6.4.2) 

{k - 2)1 

where we have chosen the normalisation dvol{N) = ^^2^, Qj ■ F = Q.^^ F^y, 
F'^'^ is the (2,0) part of the curvature F that corresponds to the splitting 
n^{M) = rj2.0(M) © fii'i(M) © fi0.2(M) and 

coj = (17j),j A V0^' + i^aF"" (6.4.3) 

is the equivariant extension of the Kahler form (The inner products 
are taken with respect to the Riemannian metrics h and g.) The rest of 
the notation is self-explanatory. We remark that if ^Ij represents the first 
Chern class of a line bundle, i.e. the Kahler manifold is Hodge, then ojj can 
be thought of as the equivariant extension of the first Chern class (see |39j ) . 

If Uab is a constant invariant quadratic form on the Lie algebra of the 
gauge group G, it is clear that the functional Se is bounded by a topological 
term Q which involves the equivariant extension of the Kahler form and the 
second Chern character of the bundle P xqq, where P is a principal bundle 
of the gauge group G and G acts on q with the adjoint representation. In 
particular we can write 

Se= [ dvoi(7V) [hni ■fti^\^ + Ip^'T + T JV(/)|2] 

^ 2 (6.4.4) 

where A is an appropriate normalisation factor involving the ratio between 
the fibre inner product on P Xq q and u; where G is simple. It is worth 
pointing out that the term involving the second Chern character is not 
affected by the choice of sign in writing 1)6. 4. 2() . Therefore there are three 
cases to consider the following: (i) there is no choice of sign such that 
the topological charge Q is positive. In such a case the bound cannot be 
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attained, (ii) There is a critical case in which for one sign the topological 
charge is negative while for the other is zero. This case implies that the 
Euchdean action vanishes and so every term should vanish. Solutions exist 
for F = Vcf) = u = 0. (iii) For one of the choice of signs the topological 
charge is positive. Suppose that Q is positive in (|6.4.2|) for the first choice 
of sign. In such case the bound is attained provided that the equations 

F2'0 = 

njE"" -u'' = (6.4.5) 
/%V,0* - j'jVf^cP^ = 

hold. The first equation implies that F is a (l,l)-form. The last equation 
in (|6.4.5j) implies that the maps (p are holomorphic. Finally the middle 
equation is the standard non-abelian vortex equation. If the term involving 
the moment map is constant, then the resulting equation is the Hermitian- 
Einstein equation. 

6.5 Hyper-Kahler manifolds and non-abelian vor- 
tices 

Let {N, h, I) be a Kahler manifold of dimension 2k with associated Kahler 
form $7/ and {M,g,Jr) be a hyper-Kahler manifold of dimension 4n with 
associated Kahler forms ilj^. Next allow M to admit a tri-holomorphic 
G-action with associated killing vector fields moment maps f^. In our 
conventions i^^j^ = —dur- Next consider the functional 

3 

Se = ljyoliN){^m' + ^\F\' + ^pWr\') , (6.5.1) 

where |V|2 = gijh'^'^V ^c/^W,^ , V^cj)' = d^cj^'+A^Cl |Fp = UabF^,F^p,h^^Ph-^ 
l^rP = u"'^Vra^rh and u is a fibre inner product on the gauge bundle which 
we can set Uah = Sab- 
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The functional Se can be rewritten as follows: 




r=l r=l 





Er=i(«r-)^ = l,ni-F = 9.fF^^, ^2,0 ^Yie (2,0) part of the curvature F 



is the equivariant extension of the Kahler form Oj^. (The inner products 
are taken with respect to the Riemannian metrics h and g.) The rest of the 
notation is self-explanatory. 

It is clear that the functional 5^; is bounded by a topological charge Q 
which involves the equivariant extensions of the Kahler forms and, if u 
is a constant invariant quadratic form on g, the second Chern character of 
the gauge bundle P Xq Q- It is worth pointing out that the term involving 
the second Chern character is not affected by the choice of sign in writing 
(|6.5.2|) . Therefore as in the Kahler case, there are several cases to consider 
but we shall not repeat the analysis. Suppose that both Q and the inner 
product of the vector {a^- : r = 1, 2, 3} with {Q^ : = 1, 2, 3} are positive in 



and 



'a 



(6.5.3) 



(jniSIS), where 




(6.5.4) 



Then the bound is attained provided that the equations 



F- 



.2,0 _ 



= 



a^O/F'^-i/^ = 



(6.5.5) 
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hold. The first equation implies that F is a (l,l)-form. It is always possible 
with a rotation in the space of complex structures of the hyper-Kahler man- 
ifold to set ai = 1 and a2 = = 0. Then last equation in (|6.5.5() implies 
that 

V^(^' = . (6.5.6) 

This in turn implies that 

= . (6.5.7) 

Therefore either the connection A is flat or the maps (p take values in the 
fixed set Mj of the G-group action on M. In the former case, in the ab- 
sence of non-trivial flat connections, the moduli space of solutions to these 
equations is the hyper-Kahler reduction M/ /G of G and it is a smooth man- 
ifold provided that the level set does not intersect Mf. In the latter case, 
the maps (j) are constant and the two remaining equations in (|6.5.5|) are the 
Hermitian-Einstein equations for the connection A; see |45j and references 
therein. 

One can also consider the case where {N,h,Ir) is a hyper-Kahler man- 
ifold while (M, g, J) is a Kahler manifold which admits a G-holomorphic 
action of isometries. This case can be treated as that considered in the pre- 
vious section involving only Kahler manifolds. A Kahler structure on N can 
chosen with respect to any complex structure which lies in the two-sphere 
of complex structures of A^. 



Chapter 7 

Conclusions 



We have gauged the supersymmetry of the most general = 1 supersym- 
metric one dimensional sigma model; we have investigate the dynamics of 
the theory by deriving the Hamiltonian and the first and second class con- 
straints. We have then quantised the theory using the Dirac method and 
checked that the Dirac operator squares to the Klein Gordon operator. 

We have commented that the zero modes of the Dirac operator do not 
exist if the target manifold M is compact, without boundary and with pos- 
itive scalar curvature. It would be interesting to investigate further the 
relationship between the geometry of the target manifold and existence of 
zero modes of the Dirac operator. 

We have constructed the actions of two-dimensional (p,0)- and (p,l)- 
supersymmetric gauge theories coupled to sigma model matter with Wess- 
Zumino term. We have also given the scalar potentials of these theories. 
Our method of constructing these theories relies on a superfield method. 
Then we have shown that the Euclidean actions these theories admit vortex 
type of bounds which generalise to higher dimensions. 

The gauge theories that we have constructed are not the most general 
ones. It is known for example that the (l,l)-supersymmetric sigma model 
admits a scalar potential which is the length of a killing vector field jllj . 
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Our superfield method cannot describe such a term. There are also other 
possibiUties, for example the sigma models with almost complex manifolds 
as a target space as well as those associated with (p, 0) fermionic multiplets 
for which the supersymmetry algebra closes on-shell |441 15] . Other models 
of interest that we have not described here are those with (p, 2), p = 2,4, 
and (4,4) supersymmetry. All the above models can be described using (1,0) 
superfields. This method has been used before, see [HI El EH- This means 
that the action of such models can be written in terms of (1,0) superfields and 
the additional supersymmetries can be implemented by requiring invariance 
of the action under additional suitable transformations. The (2,2) and (4,4) 
supersymmetric gauge theories have been described using other methods in 
[Hg and [HE]. 

The gauge theories coupled to sigma models which we have described 
with (p, 1) supersymmetry have soliton type of bounds in addition to the 
vortex type of bounds that we have described. For the former bounds the 
energy of these models can be written as a sum of squares and a topological 
term. This is very similar to bounds of (ungauged) sigma models |52j and 
so we have not described them here. It would be of interest to investigate 
the solutions of the vortex equations we have presented for different types 
of moment maps. It may be that for a suitable choice, the vortex equations 
can be solved exactly. 
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